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“Given systematic intersectoral differences in the elasticity of substitution and income
elasticity of demand, the possibility arises that the process of economic development
itself might shift the over-all elasticity of substitution.”

Arrow, Chenery, Minhas, and Solow (1961)

1. Introduction

Prompted by the above passage made more than forty years ago, this paper presents a formal

analysis of the relationship between the elasticity of substitution (ES) and the process of economic

development. We find that this relation is likely to be positive, which is consistent with recent

empirical works.

The ES was invented by Hicks in his seminal book The Theory of Wages Hicks (1932, pp.117-

120, 241-247) to analyze changes in income shares of labor and capital in a growing economy.1

It attracted immediate attention and stimulated various extensions by Robinson (1933), Pigou

(1934) and Machlup (1935).2 ES has since played important roles in many branches of economics.

In macroeconomics and growth theory, in particular, researchers have frequently used the Cobb-

Douglas (CD) function to describe aggregate output behavior and accepted its implication that ES is

unitary or capital and labor income shares remain constant across time. Kaldor’s (1961) “stylized”

facts and early empirical studies have attested the constancy of factor income shares, and reassured

researchers that ES is indeed a “deep parameter” equal to unity in aggregate economies.

Despite the predominance of the CD production function, some researchers have expressed

skepticism about the idea that ES is a ”deep” parameter equal to unity. For example, Solow

(1957), although perhaps the first to suggest use of the Cobb-Douglass production function to

study aggregate production, has noted that there is little evidence to support it.3 The dissatisfaction

with the CD production function has led Arrow, Chenery, Minhas and Solow (henceforth ACMS,

1The concept of the ES was formalized first by Allen and Hicks (1934), and generalized later on by Allen (1938
pp.341-345, pp.503-509), Sato (1975) and more recently by Blacorby and Russell (1989). It is worth noting that since
Allen’s 1938 seminal book Mathematical Analysis for Economists, the Allen Elasticity of Substitution - AES - has
been the most popular definition of the ES. For a summary of elasticity concepts see Sato and Koizumi (1973, table
1 p.488).

2Early theoretical contributions on the ES occupied the pages of the first two issues of the Review of Economic
Studies with two sets of notes titled “Notes on Elasticity of Substitution.” The first set consisted of contributions by
Khan, Lerner and Sweezy (1933), and the second consisted of contributions by Lerner, Meade and Tarshis (1934).
For an extensive list of early contributions see Hicks (1963 p.286) and Samuelson (1968 p.477).

3Moreover, Solow (1958) pointed out that Kaldor’s stylized fact is not that factor shares have been absolutely
constant, as the CD specification literally implies, but rather that these shares have been relatively constant over the
short period of time for which we have available data. Indeed, in his seminal 1956 growth paper, Solow presented the
CES production function as one of the example technologies for the modeling of long-run growth.
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1961)) to invent a more flexible CES (constant elasticity of substitution) production function, which

subsumes the CD function as a special case. The possibility of non-unitary ES has initiated a new

line of research on the role of ES in economic growth. [See, e.g., Pitchford (1960), Uzawa (1962),

McFadden (1963), Sato (1967), Klump and de la Grandville (2000), Seater (2001) and Miyagiwa

and Papageorgiou (2003) for theoretical investigations, and Fisher, Solow and Kearl (1977) and

Yuhn (1991) for empirical works.]

More recently, empirical studies have demonstrated the inadequacy of the CD function as an

aggregate production function. In particular, Duffy and Papageorgiou (2000) have used panel

techniques to estimate an aggregate CES production function using data from 82 countries and

found that the CD production function is rejected in favor of the CES specification. Dividing

the sample countries into several subsamples, they have also discovered that physical capital and

(human capital-adjusted) labor are more substitutable in the wealthiest group of countries relative

to the poorest group. Pereira (2002) has also found that ES is non-unitary and changing over time

while the work of Masanjala and Papageorgiou (forthcoming) has shown that Solow cross-country

regressions favor the CES over the CD technology and that ES may be another source of parameter

heterogeneity in growth regressions.

Motivated by these recent empirical works, this paper tries to find why ES varies across countries

and across time. We are particularly interested in finding what determines the economy-wide

elasticity of substitution (EWES) between capital and labor, and explaining the Duffy-Papageorgiou

finding that ES is greater in the richer group of countries than in the poorer group of countries.

Although there is an enormous literature dealing with ES, our knowledge of what affects the

degree of substitution between capital and labor is very limited. What little we know about the

behavior of EWES once again traces back to Hicks (1932, 1963) who offered the following con-

jectures: In a multisector economy, the EWES is greater (a) the greater the intra-sectoral ES (b)

the greater the inter-sectoral ES (c) the greater the inter-commodity substitution by consumers

and (d) the greater the technological innovation that enhances both intra- and inter-sectoral sub-

stitution. Hicks’ conjectures are intuitive. For example determinant (a) is sensible given that the

EWES is the weighted sum of the intra-sectoral elasticities of substitution (this is shown explic-

itly in our model presented in Section 2). Therefore an increase in the substitutability of inputs

within any sector increases the EWES. Determinant (b) asserts that in a multisector economy, the

greater the substitution among sectors the greater the ES. This point becomes transparent once we
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think about sectoral factor-intensity differences. Suppose that there is an increase in the quantity

of capital. Then the greater the factor-intensity differences among sectors the greater the inter-

sectoral substitution (from the less capital-intensive sectors to the more capital-intensive sector)

and subsequently the greater the EWES.4 Determinant (c) suggests that beyond the technical ES

we have to be concerned with the inter-commodity substitution determined not by firms but by

the consumer. Indeed according to Hicks (1963 p.341) the economy-wide elasticity of substitution

“... is the arithmetical sum of the elasticity of commodity substitution [by consumers] and our

old elasticity of technical substitution [by firms].” Finally, determinant (d) is motivated by the

notion that innovation policy and the institutional framework may enhance both the intra- and

inter-sectoral ES and thus the EWES.

Now we briefly outline our model. We construct our model simply by grafting the static factor

endowments model to the standard neoclassical growth model. Time flows discretely and the

economy is closed. In every period the existing labor and capital endowments are combined to

produce two intermediate goods, which in turn are combined to produce the single final good. A

given fraction of the final good is invested to increase the next period’s capital stock whereas the

remainder is consumed. In the following period the same process is repeated with an increased

capital stock. The advantage of this model is that it can be solved sequentially. Corden (1971),

Ventura (1997) and Ferreira and Trejos (2002) have also adopted similar structures in different

contexts.

The model incorporates the first three determinants of EWES suggested by Hicks, and points to

yet another determinant, namely economic development (or capital accumulation). In particular,

we show that in a dynamic general equilibrium setting the EWES varies along the development

path, a finding consistent with the conjecture of ACMS (1961). To our knowledge this is the first

attempt in the literature to model the behavior of the EWES.

While relatively simple, our model cannot in general be solved analytically. Therefore we

resort to numerical analysis for the most part of the paper. Numerical results we obtain support

Hicks’ first three conjectures, (a)-(c), whereas conjecture (d) cannot be examined directly within our

framework. More importantly, it is shown that inter-sectoral elasticities of substitution change along

the transitional growth path thus affecting the EWES. Put differently, we show that the aggregate

4Samuelson (1968, pp.475-476) presents a “beautifully simple special case” in which the factor-intensity point is
highlighted.



The Elasticity of Substitution, Hicks’ Conjectures, and Economic Growth 4

elasticity of substitution is determined endogenously and varies with economic development.

The possibility that a production technology parameter evolves over the development process

has been suggested before. Indeed, following Romer (1990), many endogenous growth models have

postulated that the productivity scale factor A, evolves over time as a function of endogenously

determined input stocks. Here we construct a model in which endogenous changes are possible in

a different production technology parameter, the EWES, σ.

The remainder of the paper is organized as follows. Section 2 presents the basic factor-

endowment model and derives a general formula of the EWES. Section 3 merges the factor-

endowment model with the Solow growth model, and investigates a special case using numerical

approximation techniques. Section 4 discusses our findings and concludes by offering directions for

future research.

2. Model

2.1. Background. The economy is populated with a constant number of identical and infinitely-

lived agents.5 At each period t, two intermediate goods (Xi, i = 1, 2) are produced with capital

(K) and labor (L) according to the constant-returns-to-scale (CRTS) production function

Xit = Gi(Kit, Lit),

where Gi(Ki, Li) satisfies the Inada conditions. It is assumed that one of the two intermediate

goods is more labor intensive. The economy is endowed with Kt units of capital supply and Lt

units of labor supply. Markets clear when

L1t +L2t = Lt

K1t +K2t = Kt.

Intermediate goods combine to produce a single final good (Yt) according to the CRTS technology

Yt = F (X1t,X2t).

At the aggregate level, final output must equal consumption (Ct) plus capital investment (It). The

economy’s feasibility constraint as well as the neoclassical law of motion of capital are given by

It =Kt+1 − (1− δ)Kt = Yt −Ct,

where δ denotes capital depreciation rate.

5We assume that labor endowment growth measured in efficiency units is zero. Results do not change qualitatively
if we allow for exogenous population and technology growth.



The Elasticity of Substitution, Hicks’ Conjectures, and Economic Growth 5

2.2. Factor-endowment model. We first describe the static factor-endowment model, which

is based on Jones (1965). The objective of the economy is to maximize output of the final good (Y )

under perfect competition at each period t. To simplify notation in the remainder of the paper, we

suppress the time subscript. Define the minimum cost function:

Ci(w, r,Xi) = min {rKi +wLi, subject to Xi ≤ Fi(Ki, Li)} ,

where w denotes wages, r denotes the rental price and Ci(w, r,Xi) is increasing, linearly homoge-

neous and concave and continuous in factor prices. Under constant returns to scale

Ci(w, r,Xi) = ci(w, r)Xi,

where ci(w, r) is the unit cost. In equilibrium, unit costs equal intermediate-good prices (p):

c1(w, r) = p1 (1)

c2(w, r) = p2. (2)

Given pi, these equations uniquely determine the equilibrium factor prices (w, r).

Let (ˆ) indicate a percentage change, i.e., x̂ = dX/X. Differentiating (1) and (2) yields

θ1wŵ+ θ1rr̂ = p̂1 (3)

θ2wŵ+ θ2rr̂ = p̂2, (4)

where θij is the distributive share of factor j; for example, θiw = (wLi) / (piXi). Equations (3) and

(4) imply that

ŵ − r̂ = (p̂1 − p̂2)Θ
−1, (5)

where Θ ≡ θ1wθ2r − θ2wθ1r = θ1w − θ2w = θ2r − θ1r. The last two equalities follow from the fact

that θ1w + θ1r = θ2r + θ2w = 1. Note that Θ > (<) 0 iff good 1 is more labor (capital) intensive

relative to good 2.

Turning to the factor markets, by the Shephard-Samuelson lemma we have that

ciw(w, r) ≡ ∂ci(w, r)

∂w
=
Li
Xi

cir(w, r) ≡ ∂ci(w, r)

∂r
=
Ki
Xi
.
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In equilibrium, quantities supplied and demanded are equal, therefore:

X1c1w(w, r) +X2c2w(w, r) = L

X1c1r(w, r) +X2c2r(w, r) = K.

By totally differentiating, we obtain

λ1w(X̂1 + ĉ1w) + λ2w(X̂2 + ĉ2w) = L̂ (6)

λ1r(X̂1 + ĉ1r) + λ2r(X̂2 + ĉ2r) = K̂, (7)

where λiw = Li/L, λir = Ki/K and λ1w + λ2w = λ1r + λ2r = 1.

We note the following relation.

ĉiw(w, r) = −σiθir(ŵ− r̂), (8)

where σi is the elasticity of substitution between capital and labor in sector i. Similarly we obtain

ĉir(w, r) = σiθiw(ŵ − r̂). (9)

Substituting (8) into (6) and (9) into (7) yields

λ1wX̂1 + λ2wX̂2 = L̂+ bw(ŵ− r̂) (10)

λ1rX̂1 + λ2rX̂2 = K̂ − br(ŵ− r̂), (11)

where bw = λ1wθ1rσ1 + λ2wθ2rσ2 and br = λ1rθ1wσ1 + λ2rθ2wσ2. Equations (10) and (11) yield

X̂1 − X̂2 = (L̂− K̂)Λ−1 + (ŵ − r̂)(bw + br)Λ−1, (12)

where Λ = λ1wλ2r − λ1rλ2w > (<)0 if good 1 is relatively more labor-intensive (capital-intensive)

than good 2. Note also that Λ = λ1w−λ1r = λ2r−λ2w, using the fact that λ1w+λ2w = λ1r+λ2r = 1.

2.3. Economy-wide elasticity of substitution. We repeat (5) and (12) to obtain

ŵ − r̂ = (p̂1 − p̂2)Θ
−1, (13)

and

X̂1 − X̂2 = (L̂− K̂)Λ−1 + (ŵ − r̂)(bw + br)Λ−1. (14)
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For the final good sector, the constant-returns-to-scale technology implies that relative demands

for the intermediate goods depend only on the relative price so

X̂1 − X̂2 = −φ(p̂1 − p̂2), (15)

where φ is the elasticity of substitution between the intermediate goods.

The economy-wide elasticity of substitution between capital and labor, denoted by σ, is defined

by

σ = −(L̂− K̂)
(ŵ − r̂) .

To find σ, combine (13), (14) and (15) to obtain

−φΘ(ŵ − r̂) = (L̂− K̂)Λ−1 + (ŵ − r̂)(bw + br)Λ−1.

Collecting terms leads to

σ = (bw + br) + φΘΛ

= (λ1wθ1r + λ1rθ1w)σ1 + (λ2wθ2r + λ2rθ2w)σ2 + (θ1w − θ2w)(λ1w − λ1r)φ. (16)

A number of points are worth noting here. The EWES, σ, is a function of the three primary

ES σ1, σ2 and φ (which are exogenous/parameters), but also the sectoral factor intensities λiw =

Li/L,λir = Ki/K and the sectoral factor shares θiw = (wLi)/(piXi), θir = (rKi) / (piXi) (i.e.,

endogenous in our model). Notice that coefficients of σ1, σ2, and φ in equation (16) sum to

unity. This in turn implies that σ is the weighted average of σ1, σ2, and φ, consistent with Hicks

(1963, p.341) and Jones (1965 pp.564-565). As will be shown later on when we merge this static

factor-endowment model with the Solow growth model, these weights will vary with changes in the

capital-labor ratio across time. As it is easily shown from equation (16), the EWES will remain

constant only under either of the following two conditions:6

1. the sectoral and final-good ES are all equal (i.e. ∀ σ1 = σ2 = φ⇒ σ = σ1 = σ2 = φ).

2. each intermediate good sector uses only one factor (i.e. ∀ θ1w = θ2r = 1⇔ λ1w = λ2r = 1⇒
σ = φ).

6There are two restrictive cases in the existing literature. Ferreira and Trejos (2002) assume that both final and
intermediate goods are produced using a CD specification. By equation (16) this case implies that the EWES is
always unity (σ = 1; see Condition 1). Ventura (1997) assumes that final good production uses a CES technology
and that one intermediate good is produced using only capital whereas the other is using only labor. By equation
(16), this case implies that the EWES is always constant and equal to the final-good ES φ (σ = φ; see Condition 2).
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In summary, the static factor-endowment model yields the optimal input allocations (Ki/K,Li/L),

the optimal final output (Y ), and the EWES (σ) for each period t. Next, we turn to the Solow

growth model which will provide the dynamic aspect of our model.

2.4. Solow growth model. A natural choice for a baseline growth model is the Solow (1956).7

The per capita capital growth rate implied by the discrete-time Solow model with zero population

and technology growth is given by

kt+1

kt
− 1 = sf(kt)

kt
− δ, (17)

where k = K/L, s is exogenous saving rate, δ is depreciation rate, and f(kt) is per capita output.

The main departure from the standard Solow model is that f(kt) is determined by the factor-

endowment model at each period t.

3. Dynamic Factor-Endowment Model: A Numerical Example

Next, we examine the behavior of the ES along the transitional path of a growing economy by

incorporating the static factor-endowment framework into the Solow growth model. In particular,

we consider the specialized case in which both intermediate goods are produced with CD and the

final good is produced with CES (i.e. CD-CD-CES). As shown below, the static factor-endowment

optimization problem can not be solved analytically so we resort to numerical solution techniques.8

A number of points are worth noting here. First, it is important to note that our ability to solve

nonlinear optimization problems has been greatly enhanced since Hicks (1932) making it possible to

relax stringent assumptions made in the past to obtain analytical solutions. This paper is a direct

beneficiary of these computational developments. Without the use of recent numerical solution

techniques the paper would be reduced to a very special case that can be solved analytically (see

Appendix C).

Second, we chose to present the CD-CD-CES case because it preserves the qualitative implica-

tions of the model with the least amount of computational complexity. The more general case in

which final and intermediate goods are produced with a CES (CES-CES-CES) technology was also

considered. Even though this case was computationally more demanding, results were qualitatively

7Even though in this paper the simplicity of the Solow model is very attractive, future work may consider more
complicated growth models such as the optimal growth models (i.e. Cass (1965), and Koopmans (1965)), and the
R&D-based growth models (i.e. Romer (1990), and Jones (1995)).

8Our numerical solutions were obtained using a nonlinear solver in MATHCAD and the procedure used is described
in Appendix A.
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similar to those in the more specialized case (CD-CD-CES). A numerical example with this more

general specification appears in Appendix B.

Third, in addition to the numerical examples it was possible to consider an analytical example.

In particular, we have considered the special case in which intermediate-good production uses

Leontief technology, whereas final-good production uses CD technology (i.e. Leontief-Leontief-

CD). This case is the most general case in which the dynamic factor-endowment optimization

problem yields an analytical solution. The model with Leontief-Leontief-CD technologies appears

in Appendix C.

3.1. Model with CD-CD-CES production technologies. The factor-endowment model is

now characterized by the following set of equations:9

Y = A(ρ) [γ(ρ)Xρ
1 + (1− γ(ρ))Xρ

2 ]
1/ρ (18)

X1 = Ka1
1 L

1−a1
1 (19)

X2 = Ka2
2 L

1−a2
2 (20)

K = K1 +K2 (21)

L = L1 + L2 (22)

a2 > a1, (23)

where A(ρ) is a “normalized” technology index, γ(ρ) is a “normalized version” of what Arrow

et al. (1961) called a “distribution parameter,” φ = 1/(1 − ρ), (ρ ≤ 1) is the ES between

the two intermediate goods X1 and X2, and ai (0 < ai < 1) is the capital share in sector i (∀
i = 1, 2). The normalization of A and γ are due to de La Grandville (1989) who corrected the

“inter-family” problem inherent in the CES production function.10 Using de La Grandville’s nor-

malization requires that A(ρ) = ȳ
£
(k̄1−ρ + m̄)/(k̄ + m̄)

¤1/ρ
and γ(ρ) =

¡
k̄1−ρ¢ / ¡

k̄1−ρ + m̄
¢
, where

ȳ = Ȳ /X̄2, k̄ = X̄1/X̄2, m̄ = [ȳ − k̄y0(k̄)]/y0(k̄) are appropriately chosen parameter values.11

9Notice that we, once again, suppress the time subscript to simplify notation.
10For additional discussion on the normalized CES function and the “inter-family” problem associated with CES

functions see Klump and Preissler (2000, pp.44-45). Klump and de la Grandville (2000) and Klump and Preissler
(2000) utilized the “normalized” CES production function in the Solow (1956) growth model and show that a country
endowed with a higher ES experiences higher capital and output per worker both in transition and in steady state.

11The normalization procedure proposed by de La Grandville (1989) is as follows. Given the standard intensive-form
CES production function f(kt) = A[γk

ρ
t + (1− γ)]1/ρ, where kt is the capital per worker at time t, choose arbitrary

baseline values for capital per worker (k̄), output per worker (ȳ) and the marginal rate of substitution between
capital and labor defined by m̄ = [f(k̄)− k̄f 0(k̄)]/f 0(k̄) (primes denote derivatives). Then, use those baseline values
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Equation (18) represents the final-good production, equations (19-20) represent the two intermediate-

goods productions, equations (21-22) are the capital and labor constraints, and inequality (23) is

the factor-intensity condition (without loss of generality we assume that sector 1 is more labor-

intensive than sector 2). To summarize, in this special case φ ≥ 0, σ1 = σ2 = 1, θir = ai and

θiw = 1− ai.
The factor-endowment static optimization problem yields the following first order conditions

(FOCs):

a1K
a1ρ−1
1 L

(1−a1)ρ
1

a2 (K −K1)
a2ρ−1 (L− L1)

(1−a2)ρ
=

1− γ(ρ)
γ(ρ)

(24)

(1− a1)K
a1ρ
1 L

(1−a1)ρ−1
1

(1− a2) (K −K1)
a2ρ (L− L1)

(1−a2)ρ−1
=

1− γ(ρ)
γ(ρ)

. (25)

Using the relationship that λ1w + λ2w = λ1r + λ2r = 1 reduces bw and br to

bw = a2 + λ1w(a1 − a2)

br = (1− a2)− λ1r(a1 − a2).

Adding yields

bw + br = 1+ (a1 − a2)(λ1w − λ1r) = 1−ΘΛ.

Therefore, the EWES equation (16) reduces to

σ = (bw + br) + φΘΛ = 1 +ΘΛ(φ− 1)
= 1 + (a2 − a1)

µ
L1

L
− K1

K

¶
(φ− 1), (26)

where ΘΛ = (a2− a1)(L1/L−K1/K) > 0.
12 First notice that σ T 1 iff φ T 1. Second, notice that

σ is a positive function of the factor-share differential, a2 − a1, and the final-good sector ES, φ,

both of which are constant. More importantly, σ is a function of the factor-intensity differential,

(L1/L−K1/K), which is variable. In other words, σ is determined endogenously by the equilibrium

factor-intensity differential, (L1/L − K1/K) at each period.
13 Using the FOCs from the factor-

to solve for the normalized efficiency parameter A(ρ) = ȳ
£
(k̄1−ρ + m̄)/(k̄ + m̄)

¤1/ρ
, and the normalized distribution

parameter γ(ρ) = k̄1−ρ/(k̄1−ρ + m̄) as a function of ρ, the elasticity of parameter.
12This result was first shown by Takayama (1963).
13Indeed, our EWES, σ, is what Revankar (1971) called “Variable Elasticity of Substitution” (VES) as it varies

along the isoquant. In our model, σ varies with the factor-intensity differential (which is determined endogenously)
whereas in Revankar (1971) σ varied with the capital-labor ratio (which was exogenously determined by the production
technology assumed). For more discussion on CES, VES and other definitions of the ES see Fuss, McFadden and
Mundlak (1978, pp.240-244).
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endowment model yields14

σ = 1 +
(a2 − a1)

2
h
K1
K − ¡

K1
K

¢2
i
(φ− 1)

a1(1− a2) + (a2 − a1)
K1
K

. (27)

It is clear from (27) that, equilibrium ES, σ, depends on the equilibrium capital-endowment allo-

cation, K1/K.

As shown in Figure 1, there exists a hump-shape relationship between σ and K1/K which

achieves a maximum or a minimum depending on whether φ is above or below unity. An interesting

observation is that σ varies around unity for φ 6= 1, a2 6= a1 and variations in K1/K. So in this

sense our EWES can be considered as a variant of the CD-CD-CD case.15 Also notice that for

φ > 1 (φ < 1) the greater the sectoral-share differential, a2 − a1, and/or the final good sector ES,

φ, the greater (lower) the σ for all values of K1/K. Put differently, the greater the a2 − a1 and/or

φ the greater the deviation of σ from unity (the CD-CD-CD case). Of course there is nothing in

our analysis so far to suggest how K1/K is determined at each period t, and this is what we turn

to next.

Combining the static factor-endowment model with the dynamic Solow growth model results

in our dynamic factor-endowment model which is solved in two sequential steps: At period t,

optimization from the factor-endowment problem yields the equilibrium factor allocations K1t/Kt

and L1t/Lt, the EWES σt, and the final output per capita f(kt). f(kt) is subsequently taken as

exogenous by the Solow growth model and is used in the dynamic equation (17) to obtain next

period’s per capita capital kt+1. At period t+ 1, given the new supply of capital Kt+1, and labor

Lt+1, agents optimally choose K1,t+1/Kt+1, L1,t+1/Lt+1 (and therefore σt+1), and f(kt+1). This

process is repeated until the steady-state values k∗,σ∗, (K1/K)
∗ , (L1/L)

∗ are reached.

Due to the nonlinearity of the FOCs (24-25), an analytical solution to the factor-endowment

optimization problem does not exist and we therefore resort to numerical approximation techniques.

As mentioned previously, our ability to use computational methods and numerical techniques to

solve nonlinear problems (that were not available to Hicks (1932) and Samuelson (1968)) is in-

14Combining the FOCs and solving for L1/L gives

L1

L
=

a2 (1− a1)

a1(1− a2)
³
K
K1
− 1

´
+ a2(1− a1)

.

Then substituting for L1/L in equation (26) and manipulating obtains equation (27).
15This definition of σ is similar to Revankar’s (1971) definition (i.e. σ = 1 + ak, where a is a function of the

production technology parameters) in that it varies around unity.
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Figure 1: Relationship between σ and K1/K in the model with CD-CD-CES tehcnologies

Panel I: φ = 10 Panel II: φ = 2
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Notes: The above panels illustrate the relationship given by the equation σ = 1+
(a2−a1)2

·
K1
K −

³
K1
K

´2
¸

(φ−1)

a1(1−a2)+(a2−a1)
K1
K

,

where y = σt, x = K1/K. Panels I and II illustrate this equation for φ > 1, whereas panels III and IV
illustrate this equation for φ < 1. (...) Dotted line for a2 − a1 = 0.8. (–) Solid line for a2 − a1 = 0.5.
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strumental in this paper. Table 1 presents the parameter values used to carry out the numerical

exercise.16

Table 1: Parameter values used in the simulations for the CD-CD-CES case

φ = {0.1, 0.5, 2, 10} ȳ = 2 s = 0.3
(a1, a2) = (0.2, 0.7) k̄ = 2 δ = 0.1
(a1, a2) = (0.1, 0.9) m̄ = 0.5 n = 0

Figures 2-5 present four numerical examples that correspond to Panels I—IV in Figure 1 which

assume φ = 0.1, 0.5, 2, 10, respectively. For each figure the upper panels assume that (a1, a2) =

(0.2, 0.7), whereas the lower panels assume that (a1, a2) = (0.1, 0.9). Since there is no guidance

from theory on how to choose values for φ, α1 and α2 we thought appropriate to consider a wide

range of values (i.e. φ = {0.1, 10}, a2−a1 = {0.5, 0.8}). Parameter values for ȳ, k̄ and m̄ are chosen

to incorporate de La Grandville’s normalization that corrects the “inter-family” problem. Finally,

we choose the Solow growth model parameter values s = 0.3 and δ = 0.1 whereas for simplicity we

assume no population growth (i.e. n = 0).17,18

Panel A (in Figures 2-5) illustrates the transitional path and steady-state values of per capita

capital, k, implied by our model. Panel B illustrates the relationship between factor intensities

(in the labor-intensive sector), K1/K and L1/L, and per capita capital, k. Panel C illustrates the

relationship between σ and k along the transition and in steady-state. Finally, Panel D illustrates

the relationship between σ and K1/K.

Panel A reveals that regardless of our choice of parameter values the dynamic factor-endowment

model preserves the transitional and steady-state properties of the standard Solow growth model.

Panel B shows how factor intensities (and their difference) in the labor-intensive sector evolve

as per capita capital stock becomes more abundant. As expected, factor-intensity differences,

(L1/L −K1/K), are greater the greater the factor-share differences, a2 − a1 (compare the upper

and lower panel B in Figures 2-5). Panel D confirms that numerical examples of the analytic

16Numerical solutions were produced using MATHCAD and are available by the authors upon request. The
procedure used in obtaining our numerical results is described in Appendix A. To assess the robustness of our
simulation exercises, a large number of alternative sets of parameter values were used. Our qualitative results are
robust to these alternative parameter values.

17That n = 0 has no qualitative implications on our results. This assumption is made for computational ease.
18In the model with CES-CES-CES production technologies we need to choose parameter values also for σ1, σ2,

a1(k̄1m̄1) and a2(k̄2m̄2). For more discussion on this more general case see Appendix B.
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Figure 2: Transitional dynamics and steady state of model with CD-CD-CES technologies (φ = 10)
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Notes: The illustrations below are constructed using a MATHCAD numerical solver. We assume the fol-
lowing parameter values: a1 = 0.2, a2 = 0.7,φ = 10, s = 0.3, δ = 0.1, m̄ = 0.5, k̄ = 2, ȳ = 2. The following
steady-state values are obtained: k∗ = 3.488,σ∗ = 3.176, (K1/K)

∗ = 0.351, (L1/L)
∗ = 0.835.
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Notes: The illustrations below are constructed using a MATHCAD numerical solver. We assume the fol-
lowing parameter values: a1 = 0.1, a2 = 0.9,φ = 10, s = 0.3, δ = 0.1, m̄ = 0.5, k̄ = 2, ȳ = 2. The following
steady-state values are obtained: k∗ = 6.987,σ∗ = 6.279, (K1/K)

∗ = 0.041, (L1/L)
∗ = 0.774.
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Figure 3: Transitional dynamics and steady state of model with CD-CD-CES technologies (φ = 2)
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Notes: The illustrations below are constructed using a MATHCAD numerical solver. We assume the fol-
lowing parameter values: a1 = 0.2, a2 = 0.7,φ = 2, s = 0.3, δ = 0.1, m̄ = 0.5, k̄ = 2, ȳ = 2. The following
steady-state values are obtained: k∗ = 3.484,σ∗ = 1.207, (K1/K)

∗ = 0.482, (L1/L)
∗ = 0.897.
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Notes: The illustrations below are constructed using a MATHCAD numerical solver. We assume the fol-
lowing parameter values: a1 = 0.1, a2 = 0.9,φ = 2, s = 0.3, δ = 0.1, m̄ = 0.5, k̄ = 2, ȳ = 2. The following
steady-state values are obtained: k∗ = 4.491,σ∗ = 1.624, (K1/K)

∗ = 0.160, (L1/L)
∗ = 0.939.
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Figure 4: Transitional dynamics and steady state of model with CD-CD-CES technologiesl (φ = 0.5)
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Notes: The illustrations below are constructed using a MATHCAD numerical solver. We assume the fol-
lowing parameter values: a1 = 0.2, a2 = 0.7,φ = 0.5, s = 0.3, δ = 0.1, m̄ = 0.5, k̄ = 2, ȳ = 2. The following
steady-state values are obtained: k∗ = 3.482,σ∗ = 0.911, (K1/K)

∗ = 0.567, (L1/L)
∗ = 0.924.
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Notes: The illustrations below are constructed using a MATHCAD numerical solver. We assume the fol-
lowing parameter values: a1 = 0.1, a2 = 0.9,φ = 0.5, s = 0.3, δ = 0.1, m̄ = 0.5, k̄ = 2, ȳ = 2. The following
steady-state values are obtained: k∗ = 3.958,σ∗ = 0.805, (K1/K)

∗ = 0.501, (L1/L)
∗ = 0.988.
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Figure 5: Transitional dynamics and steady state of model with CD-CD-CES technologies (φ = 0.1)
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Notes: The illustrations below are constructed using a MATHCAD numerical solver. We assume the fol-
lowing parameter values: a1 = 0.2, a2 = 0.7,φ = 0.1, s = 0.3, δ = 0.1, m̄ = 0.5, k̄ = 2, ȳ = 2. The following
steady-state values are obtained: k∗ = 3.480,σ∗ = 0.849, (K1/K)

∗ = 0.598, (L1/L)
∗ = 0.933.
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Notes: The illustrations below are constructed using a MATHCAD numerical solver. We assume the fol-
lowing parameter values: a1 = 0.1, a2 = 0.9,φ = 0.1, s = 0.3, δ = 0.1, m̄ = 0.5, k̄ = 2, ȳ = 2. The following
steady-state values are obtained: k∗ = 3.482,σ∗ = 0.778, (K1/K)

∗ = 0.686, (L1/L)
∗ = 0.994.
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relationship between σ and K1/K, given by equation (27) and illustrated in Figure 1, are consistent

with respective examples derived from solving the model numerically. To see this, notice that Panel

D in Figures 2-5 represents particular sections of Panels I—IV in Figure 1, depending on the chosen

parameter values φ, α1 and α2.

Panel C presents the key finding of our paper, namely that σ varies with k along the transitional

path towards the steady steady. With the exception of Figure 2 in which we choose φ to be very

large (φ = 10), our numerical examples show that the relationship between σ and k is, in general,

positive. Figure 2 (upper and lower Panel C) illustrates that for high values of φ (i.e. φ = 10) the

relationship between σ and k can be hump-shaped. To understand the underlying causes of our

numerical findings regarding the relationship between σ and k, it is helpful to first explore further

the relationships between σ and (L1/L−K1/K), and k and (L1/L−K1/K). For clarity, we restrict

attention to the case where φ > 1, leaving discussion of the alternative case (φ < 1) for later on.

By equation (26), there is a linear positive relationship between σ and (L1/L−K1/K) when φ > 1

(linear negative relationship when φ < 1). Therefore, by explaining the relationship between k and

(L1/L−K1/K) (which is easier to do) we immediately explain the relationship between σ and k.

Having established that the relationship between k and (L1/L−K1/K) maps linearly into the

relationship between σ and k, next we explain how the relationship between k and (L1/L−K1/K)

can be hump-shaped. Rewrite equation (26) as

σ = 1 + (a2 − a1) (K2/K − L2/L) (φ− 1).

This equation shows that σ is determined by the relative factor intensity, a2 − a1, which is a

positive constant by assumption, φ− 1, which may be positive, zero or negative constant, and the
intersectoral factor allocation, (K2/K − L2/L), which is positive by assumption but is variable. σ

changes with capital accumulation because the intersectoral factor allocation term changes. Now,

rewrite that term in its equivalent form

K2/K − L2/L = (L2/K) (K2/L2 −K/L) . (28)

Suppose there is a one percent increase in K, due to investment. Assume for the moment that

the relative input price does not change and that the production occurs within the diversification

cone. Then, according to the Rybczynski theorem, a one percent increase in K causes the second

intermediate good sector to expand by λ1w/L percent and its labor demand by the same percentage
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points under constant returns.19 Thus, the ratio L2/K in (28) increases by λ1w/L−1 = λ1r/L > 0

percent, raising the value of σ.

Turning to the second term on the right-hand side of (28), note that K2/L2 is constant so

long as the relative price does not change. However, since K/L increases the second term declines,

thereby lowering the value of σ. Furthermore, as K/L approaches towards K2/L2, the second term

tends towards zero. It follows that, as capital accumulates from the initial low level at the constant

relative price, σ increases so long as the first term dominates but eventually decreases when the

second terms becomes dominant.

In the complete analysis, when the above turnaround occurs is modulated by the relative price

changes between the intermediate goods. If φ is much greater than unity, the two intermediate

goods are strong substitutions in the final good sector, so an increase in the capital stock is absorbed

mostly by changes in quantities supplied of the intermediate goods rather than by relative price

changes. With little change in the relative prices, the turnaround occurs inevitably for the reason

explicated above. In Figure 2, this corresponds to the case in which φ is 10.

When φ is much smaller but still positive, the relative price change induced by capital accu-

mulation is more significant. As the price of good 1 rises relative to that of good 2, the wage rises

relative to the rental by the Stolper-Samuelson theorem, inducing firms to economize on labor use.

The resultant rise in the ratio K2/L2 mitigates the negative impact of the second term on the

right of (28), thereby pushing back or preventing the turnaround noted above. Thus σ continues

to increase. This case is illustrated in Figure 3 where φ is set at 2.

Finally, consider the case in which φ is less than one or the intermediate goods are complemen-

tary so that φ < 1. In this case, capital accumulation tends to expand both intermediate good

outputs. As this happens, the relatively capital-intensive second intermediate good sector gets

little capital from the first, and hence the ratio L2/K falls. With the both terms in (28) falling, σ

increases towards unity, as seen in Figure 4, where φ equals 0.5.

Now that we have explained the intuition behind the nonlinear relationship between σ and k

(for φ > 1), we can finally think about our numerical results. Even though our numerical results

illustrated in Figures 2-5 predominantly obtain a positive relationship between σ and k, they are

consistent with the hump-shape relationship explained above. This is because the transitional path

of σ towards the steady-state (σ∗) corresponds to a particular section (stage) of the hump. In

19This follows from (10) and (11).
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theory, whether the relationship of σ and k is positive, hump-shaped or negative, depends on k

which itself depends on growth parameter values, such as s and δ, and technology parameter values,

such as φ, a1 and a2. As suggested by our numerical results however, under economically feasible

parameter values the relationship between σ and k is, generally, positive. Notice that the positive

relationship prevails also for the case where φ < 1 (i.e. see Panel C in Figures 4-5). Arguments

made above for the case where φ > 1 extend to the case when φ < 1.

3.2. Hicks’ Conjectures on the Economy-Wide Elasticity of Substitution . It is pos-

sible to examine numerically whether Hicks’ conjectures outlined in the introduction hold in our

model.

• Intra-sectoral substitution (σ1,σ2): First we show that an increase in intra-sectoral ES, either

σ1 or σ2, results in an increase in σ, both in transition (∂σt/∂σi > 0) and in steady state

(∂σ∗/∂σi > 0). This result is confirmed in a large number of numerical examples that consider

the more general CES-CES-CES specification (see Appendix B for more discussion and an

example).

• Inter-commodity substitution (φ):20 We also show that an increase in φ results in an un-

ambiguous increase in σ both in transition (∂σt/∂φ > 0) and in steady state (∂σ
∗/∂φ > 0)

(compare the upper (or lower) panel across Figures 2-5 and their respective steady-state

values for σ∗).

• Inter-sectoral substitution due to sectoral intensity difference (a2− a1): An interesting result

obtains when we look at the effect of sectoral intensity differences on the EWES. It is shown

that the greater the a2 − a1, the greater (lower) the σ both in transition and in steady

state when φ > 1 (φ < 1); (∂σt/∂(a2 − a1) ≷ 0,∀φ ≷ 1, and ∂σ∗/∂(a2 − a1) ≷ 0,∀φ ≷ 1,

respectively). This result is illustrated in Figures 2-5 (compare upper and lower panels).

• Substitution enhancing technical change (or policy): To keep our model as simple and as
transparent as possible, we introduce a constant Hicks neutral technology, A(ρ), only in the

final-good sector (equation 18). Introducing technology in this way does not affect the EWES

20Notice that in our model, φ which represents the ES between the two intermediate goods, takes the place of the
ES between commodities in Hicks (1963).
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σ, but only the final output in transition and in steady state.21,22

We have also examined the effect of an increase in σ1,σ2 and φ on per capita capital, k, and

output, y. Our numerical examples show that there is positive relationship between σ1,σ2 and φ on

k (and therefore y) both in transition and in steady state (∂kt/∂σi,∂kt/∂φ > 0, ∂k
∗/∂σi,∂k∗/∂φ >

0). For example, look at the upper panels of Figures 2-5 in which σ1 = σ2 = 1, a1 = 0.1, a2 = 0.9

and φ increases from 0.1 (Figure 5) to 0.5 (Figure 4), 2 (Figure 3) and 10 (Figure 2). Focusing on

the steady state, it is shown that as k∗ increases from 3.482 (Figure 5) to 3.958 (Figure 4), 4.491

(Figure 3) and 6.987 (Figure 2).23 This result extends Klump and de La Grandville (2000) and

Klump and Preissler (2000) who show that in a one-sector growth model the greater the σ the

greater the k.

Even though we could only examine numerically (and not analytically) Hick’s conjectures on

the EWES our results are robust to numerous exercises using a wide range of parameterization.

4. Discussion and Conclusion

This paper demonstrates that a nation’s economy-wide ES is endogenously determined and that it

is in general positively related to a nation’s level of economic development. This finding contrasts

sharply with the vast majority of theoretical and empirical work that assumes a constant ES. The

idea that the economy-wide ES may be variable actually dates back to Hicks’ pioneering work

(1932). To evaluate his insight formally, we use new modeling techniques to build a dynamic

factor-endowment model and apply new numerical approximation techniques to solve this highly

nonlinear model.

Our findings have quite important implications for the empirical and theoretical literature.

First, our key finding that the EWES varies positively with the level of development is qualita-

tively consistent with the empirical findings of Duffy and Papageorgiou (2000) and Pereira (2002),

although it may take more comprehensive cross-country datasets to uncover the mechanism un-

derlying the relationship. Our finding is also consistent with the notion of Variable Elasticity of

Substitution (VES) pioneered by Revankar (1971) (i.e. σV ES = 1 + ak). While Revankar specifies

21Our results do not change if we allow technology to grow exogenously. In an interesting paper, Caselli and Coleman
(2002a) use a two-level CES specification in which they allow the efficiency parameters for the three different factors,
unskilled labor, skilled labor and capital to differ from one another. In future work we want to follow their lead and
introduce different efficiency parameters in different sectors.

22Substitution enhancing technical change deserves particular attention and is left for future work.
23Similar results are obtained when σ1 = σ2 = 1, a1 = 0.2, a2 = 0.7 as in the lower panels of Figures 2-5.
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an ad hoc aggregate production function to get his ES, we let our ES be determined endogenously

by economic behavior of agents in a competitive economy.

Second, the importance of heterogeneity among countries in understanding economic growth

has recently received much attention in theoretical works (e.g., Azariadis and Drazen (1990), Ga-

lor and Zeira (1993), and Seater (2001) and in empirical estimations (i.e. Durlauf and Johnson

(1995), Hansen (2000) and Durlauf, Kourtellos and Minkin (2001)). Our finding is relevant to

that literature. More specifically, our paper points out yet another source of heterogeneity among

countries, namely, the EWES. In the same vein, our results also question one of Kaldor’s (1961)

“stylized facts” of economic growth, namely, income shares accruing to capital and labor are rela-

tively constant over time. This “fact” was first challenged by Solow (1958) and remains an open

research question (i.e., Gollin (2002) finds that labor’s share of national income across 31 countries

is relatively constant).

Third, we have been able to examine and numerically confirm three out of four conjectures

that Hicks (1932) proposed in his seminal book; namely, the EWES is positively related to the

intra-sectoral ES, the inter-sectoral ES and the sectoral intensity differences, although our model is

inadequate to examine his last conjecture that substitution enhancing technical changes (or policy)

can increase the EWES. We have also shown that the de La Grandville (1989) hypothesis that says

growth increases with the intra-sectoral ES holds in a multi-sector model.

Fourth, Jones and Manuelli (1990) have shown that, in a one-sector neoclassical growth model

with a two-factor CES production technology, endogenous long-run growth is possible when the

ES is greater than unity. Azariadis (1993, 1996) has shown that, in a two-period overlapping

generations (OLG) model with productive capital, a two-factor CES production technology with

the ES less than unity admits the possibility of multiple, nontrivial steady states for per capita

output. Our notion of the variable EWES may play an important role in the determination of

economic growth in a similar fashion. For example, given variability of the EWES it is possible

in a Solow-factor-endowment model that a country starts its development process with exogenous

growth and ends up in a long-run endogenous growth path. Alternatively, it may be possible in an

OLG-factor-endowment model that a country escapes a poverty trap as the EWES increases.

Fifth, taking a minimalist approach we have presented the simplest possible model capable

of endogenizing the EWES. As such, it is possible to extend our basic model in several different

directions: A good place to start is to allow substitution-enhancing technical change to enter
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the model and to investigate its effects on the EWES and economic development. Secondly, the

present model has considered the case of a closed economy only. A promising extension is to open

the economy to trade and examine the relationship between the degree of openness and growth

as mediated by the endogenous ES. Finally, it would be interesting to examine whether there is

a feedback effect between the EWES and economic development. We have shown that increasing

capital stock (in general) causes an increase in the EWES. But could it be that a greater ES

causes an increase in capital as well? This hypothesis has been in the literature at least since de La

Grandville (1989, p.479), who has suggested that the ES maybe thought of as an “efficiency index”;

the higher the ES the slower diminishing returns enter and therefore the greater the economic

efficiency achieved.
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Appendix A

Numerical solution procedure

Numerical results are produced using MATHCAD. The programs are available upon request

from the authors.

Step 1. Assign values to parameters: A
¡
k̄ȳm̄

¢
, γ

¡
k̄ȳm̄

¢
, a1, a2,φ, s, δ (for the CES-CES-CES case

assign values also to σ1,σ2, a1(k̄1m̄1), a2(k̄2m̄2)).

Step 2. Assign initial values to the following variables: K,L. For simplicity we assume that

population is constant and equal to unity.

Step 3. Use numerical approximation methods to solve the nonlinear system of two equations

(24-25) (equations (B1-B2) in the CES-CES-CES case) with two unknowns (K1, L1).

Step 4. Use optimal allocations (K1t, L1t) from Step 3 in the final-good production function,

equation (18), to obtain optimal final per capita output (f(kt)).

Step 5. Use optimal final output in the dynamic growth equation (17) to obtain next period’s

stock of capital (kt+1).

Step 6. The new kt+1 (and therefore Kt+1, Lt+1) is then used in Step 3 which closes the loop. The

recursive system characterized by steps 3—4—5—6—3 continues until it yields the steady-state

{k∗,σ∗, (K1/K)
∗ , (L1/L)

∗}.
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Appendix B

Model with CES-CES-CES production technologies

This more general case assumes that all production technologies are CES. The factor-endowment

model is characterized by the following equations:

Y = A(ρ) [γ(ρ)Xρ
1 + (1− γ(ρ))Xρ

2 ]
1/ρ

X1 = [a1(ρ1)K
ρ1
1 + (1− a1(ρ1))L

ρ1
1 ]

1/ρ1

X2 = [a2(ρ2)K
ρ2
2 + (1− a2(ρ2))L

ρ2
2 ]

1/ρ2

K = K1 +K2

L = L1 + L2

K2

p2X2
>

K1

p1X1
,

where γ(ρ), a1(ρ1), a2(ρ2) are “normalized” distribution parameters and A(ρ) is a “normalized”

technology parameter (using de La Grandville’s CES normalization), φ = 1
1−ρ (ρ ≤ 1) is the ES

parameter between the two intermediate goods, and σi =
1

1−ρi (ρi ≤ 1) is the elasticity of substitu-
tion between capital and labor in intermediate good Xi (∀ i = 1, 2). The inequality K2/(p2X2) >

K1(p1X1) indicates that sector 1 is more labor-intensive than sector 2. Substituting for competitive

prices (p1, p2) the factor intensity condition becomes a2(ρ2) > a1(ρ1)

"
a2(ρ2)+(1−a2(ρ2))

³
K2
L2

´−ρ2

a1(ρ1)+(1−a1(ρ1))
³
K1
L1

´−ρ1

#
.The

factor-endowment static optimization problem gives the following FOCs:

Kρ1−1
1 [a1(ρ1)K

ρ1
1 + (1− a1(ρ1))L

ρ1
1 ]

ρ
ρ1
−1

(K −K1)
ρ2−1 [a2(ρ2)(K −K1)ρ2 + (1− a2(ρ2))(L− L1)ρ2 ]

ρ
ρ1
−1
=
a2(ρ2)(1− γ(ρ))
a1(ρ1)γ(ρ)

(B1)

Lρ1−1
1 [a1(ρ1)K

ρ1
1 + (1− a1(ρ1))L

ρ1
1 ]

ρ
ρ1
−1

(L− L1)
ρ2−1 [a2(ρ2)(K −K1)ρ2 + (1− a2(ρ2))(L− L1)ρ2 ]

ρ
ρ1
−1
=
(1− a2(ρ2))(1− γ(ρ))
(1− a1(ρ1))γ(ρ)

. (B2)

Notice that when σ1 = σ1 = 1,φ ≥ 0 FOCs (B1-B2) are reduced to FOCs (24-25) as in the

case with CD-CD-CES production technologies. The economy-wide ES in this more general case

is given by

σ = (λ1wθ1r + λ1rθ1w)σ1 + (λ2wθ2r + λ2rθ2w)σ2 + (θ1w − θ2w) (λ1w − λ1r)φ, (B3)
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where σ1 ≥ 0,σ1 ≥ 0,φ ≥ 0, θir = ai(ρi)K
ρi
i

ai(ρi)K
ρi
i +(1−ai(ρi))Lρii

, θiw =
(1−ai(ρi))L

ρi
i

ai(ρi)K
ρi
i +(1−ai(ρi))Lρii

,λir =
Ki
K and

λiw =
Li
L . Equations (B1-B3) combined with the law of motion of capital, given by equation (17),

characterize our dynamic factor-endowment model. Given the highly nonlinear equations (B1-B2)

we use the six-step procedure outlined in Appendix A (Step 1 requires that we assign values to the

parameters σ1,σ2, a1(k̄1m̄1), a2(k̄2m̄2)) to numerically solve the recursive problem.

This more general case nests the CD-CD-CES case (considered in the main text) and the

Leontief-Leontief-CD case (considered in Appendix C). We were able to replicate the former special

case by setting σ1 = σ2 ≈ 1, and the later special case by setting σ1 = σ2 ≈ 0. For example, to

replicate the upper Panel C in Figure 3 (φ = 2,α1 = 0.2,α2 = 0.7) we set φ = 2, ρ1 = ρ2 = 0.001,

and k̄1 = 0.5, m̄1 = 2 so that a1(ρ1 = 0) =
k̄

1−ρ1
1

k̄
1−ρ1
1 +m̄1

= 0.2, and k̄2 = 2, m̄2 = 6/7 so that

a2(ρ2 = 0) =
k̄

1−ρ2
2

k̄
1−ρ2
2 +m̄2

= 0.7.

Using this more general case we can also confirm Hick’s conjecture that an increase in intra-

sectoral ES, σ1 and/or σ2, results in an increase in the EWES, σ. For example, when choosing the

parameter values k̄ = 2, m̄ = 0.5, ȳ = 2, k̄1 = 0.5, m̄1 = 2, k̄2 = 2, m̄2 = 6/7, s = 0.3, δ = 0.1, n =

0, ρ1 = 0.001,φ = 2 and letting ρ2 (σ2) increase, i.e. taking values ρ2 = {−3,−1, 0.001, 0.5, 0.8} =
σ2 = {0.25, 0.5, 1, 2, 5}, yields the following values for the steady-state {k∗,σ∗, (K1/K)

∗ , (L1/L)
∗} :

σ1 k∗ σ∗ (K1/K)
∗ (L1/L)

∗

0.25 2.995 0.842 0.773 0.821
0.5 3.002 0.898 0.653 0.842
1 3.484 1.208 0.482 0.897
2 3.976 1.508 0.371 0.975
5 3.996 1.532 0.337 0.999

Notice that σ1 affects σ
∗ positively as conjectured by Hicks. Also, notice that an increase in σ1

results in an increase in k∗ which confirms the de La Grandville hypothesis in a multisector economy.

Finally, a large number of different parametric examples (available upon request from the au-

thors) reveal that the qualitative results obtained in the model with CD-CD-CES technologies in

the main text are robust to this more general case.
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Appendix C

Model with Leontief-Leontief-CD production technologies

We further specialize to the case where both intermediate goods are produced with Leontief

technology (σ1 = σ2 = 0) and final good is produced with CD technology (φ = 1). This special case

is the only one that yields an analytical solution for the dynamic factor-endowment model with σ

varying across the development path.24 The factor-endowment model is now characterized by the

following set of equations:

Y = Xγ
1X

1−γ
2 (C1)

X1 = min(
1

a1K
K1,

1

a1L
L1)

X2 = min(
1

a2K
K2,

1

a2L
L2)

K = K1 +K2

L = L1 + L2

a2K

a2L
>

a1K

a1L
,

where a2K/a2L > a1K/a1L indicates that sector 1 is more labor-intensive than sector 2. It is well-

known that production of intermediate-goods is determined by the capital and labor constraints as

follows:

a1LX1 + a2LX2 = L

a1KX1 + a2KX2 = K.

Solving using Cramer’s rule yields

X1 =
a2KL− a2LK

a1La2K − a1Ka2L

X2 =
a1LK − a1KL

a1La2K − a1Ka2L
.

Finally, substituting into (C1) gives

Y =
(a2KL− a2LK)

γ(a1LK − a1KL)
(1−γ)

(a1La2K − a1Ka2L)
, (C2)

24There are two other special cases that obtain closed form solutions for the dynamic factor-endowment model: a)
case where σ = σ1 = σ2 = φ (see Ferreira and Trejos (2000)) and b) case where X1 = K, X2 = L, σ = φ (see Ventura
(1997)). Both of these special cases are restrictive as they do not allow σ to vary with economic development (σ is
constant).
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which is homogeneous of degree one in K and L.

Some algebra reveals that in this special case the economy-wide ES is given by

σ =
YKYL
YKLY

= q0 − q1k − q2

k
, q0, q1, q2 > 0,

a1K

a1L
≤ k ≤ a2K

a2L
, (C3)

where

q0 =
[(1− γ)a1La2K + γa2La1K ] [(1− γ)a1Ka2L + γa2Ka1L] + a1La2La2Ka1K

γ(1− γ)(a1La2K − a2La1K)2

q1 =
a1La2L [(1− γ)a1Ka2L + γa2Ka1L]

γ(1− γ)(a1La2K − a2La1K)2

q2 =
a2Ka1K [(1− γ)a1La2K + γa2La1K ]

γ(1− γ)(a1La2K − a2La1K)2
.

The constraint a1K/a1L ≤ k ≤ a2K/a2L is imposed by the structure of the model.
25

There are two points worth noting here. First, it can be shown that σ is less than unity by

(16). This is because of the Leontief technologies employed in the intermediate-good production

(σ1 = σ2 = 0) and the CD technology employed in the final-good sector (φ = 1). More im-

portantly, equation (C3) shows explicitly that the economy-wide ES is a function of per capita

capital and therefore the development process. In particular, equation (C3) implies a hump-

shape relationship between σ and k. The relationship achieves a maximum point {kmax,σmax} =np
q2/q1, q0 − 2√q1q2

o
and has horizontal intercepts k0 = (a2Ka1K)/[(1− γ)a1Ka2L + γa2Ka1L],

k1 = [(1− γ)a1La2K + γa2La1K ]/(a1La2L).

By incorporating the intensive form of equation (C2) into the Solow continuous capital motion

equation obtains

k̇ = sf(k)− δk
25An analytic solution to the static factor-endowment optimization problem (but not the dynamic problem) exists

when final good is produced with the more general CES technology. In this case (σ1 = σ2 = 0,φ ≥ 0) the economy-
wide ES is given by

σ =
YKYL
YKLY

=
z0

z1z2z3
φ.

where

z0 =
h
(1− φ)z−1/φ

2 a1L − γz−1/φ
1 a2L

i h
γz

−1/φ
1 a2K − (1− γ)z−1/φ

2 a1K

i
z1 = γ(a2KL− a2LK)

(φ−1)/φ + (1− γ)(a1LK − a1KL)
(φ−1)/φ

z2 =
h
γa2Ka2Lz

−(1+φ)/φ
1 + (1− γ)a1Ka1Lz

−(1+φ)/φ
2

i
z3 =

h
γz

−1/φ
1 a2K − (1− γ)z−1/φ

2 a1K

i h
(1− γ)z−1/φ

2 a1L − γz−1/φ
1 a2L

i
.

When we set φ = 1, σ reduces to equation (C3).
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k̇ =
s(a2K − a2Lk)

γ(a1Lk − a1K)
1−γ

(a1La2K − a1Ka2L)
− δk.

Some algebra reveals that the horizontal intercepts of the sf(k) are {k0, k1} = {a1K/a1L, a2K/a2L}
and the maximum point is kmax = (1− γ)(a2K/a2L) + γ(a1K/a1L). The dynamical system of the

economy implies the possibility of multiple steady-states, one unstable (k∗) and two stable (0 and

k∗∗). If a country is endowed with initial capital-labor ratio (k0) that lies between 0 and k
∗ then

the country is trapped at the low equilibrium 0. In contrast, if a country starts with k0 > k
∗ then

it will converge to the high equilibrium k∗∗. Steady states for k are solutions to the polynomial

equation
s(a2K − a2Lk)

γ(a1Lk − a1K)
1−γ

(a1La2K − a1Ka2L)
= δk. (C4)

To obtain analytical solutions for k from the polynomial equation (C4) we make the additional

assumption that γ = 0.5. In this case (C4) reduces to the quadratic equation"µ
δ

s

¶2

(a1La2K − a1Ka2L)
2 + a1La2L

#
k2 − (a1La2K + a1Ka2L)k + a1Ka2K = 0, (C5)

whose nonnegative real roots are the solutions for k∗, k∗∗.

In a numerical example, we assumed the following parameter values: a1K = 0.14, a2K = 0.33,

a1L = 0.17, a2L = 0.2, γ = 0.5, s = 0.2 δ = 0.4. The steady-state values obtained from the

quadratic equation (C5) are {k∗, k∗∗} = {0. 98, 1. 34}. The horizontal intercepts of the sf(k)

function are {k0 , k1} = {0.86, 1.67} and the maximum point is kmax = 1.26.


