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Abstract

Our paper belongs to the strand of literature associated with the notion of Nash networks introduced

by Bala and Goyal [1] in the connections model. Our aim is to consider situations where agent i has

concerns about the validity of information that she acquires from agent j. Independently confirming this

information through another set of agents allows i to put more faith in j’s information, that is increases

the value of j’s information. In such situations, we characterize the set of strict Nash networks. Then,

we provide a condition which ensures the existence of Nash networks when agents play pure strategies.

Finally, we characterize the set of strict efficient networks and we discuss the relationship between

efficient networks and strict Nash networks.

JEL Classification: C72, D85.

Key Words: connections model, confirmation, two-way flow models.

1 Introduction

Social networks are purveyors of information, as members of networks use their direct and indirect con-

nections to gather information from others.1 In many situations reliability of information transmitted

through the network matters, and gives way to the need for confirmation of information. Interestingly

∗We thank Matt Jackson and Herve Moulin for useful suggestions. We also thank seminar participants at Indiana University,
Rice, Vanderbilt, SING 2011 and PET 2011 meetings for helpful comments.
†Université de Lyon, Lyon, F-69003, France ; Université Jean Monnet, Saint-Etienne, F-42000, France; CNRS, GATE Lyon

St Etienne, Saint-Etienne, F-42000, France. email: pascal.billand@univ-st-etienne.fr, christophe.bravard@univ-st-etienne.fr.
‡Erasmus School of Economics. email: kamphorst@ese.eur.nl.
§DIW Berlin and Department of Economics, Louisiana State University, Baton Rouge, LA 70803, USA. email:

sarangi@lsu.edu.
1There a large literature on this subject; for instance, see Conley and Udry (2005) for diffusion of innovations, Granovetter

(1994) for transmission of information about job opportunities.
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we find echo of such a need in the Book of Deuteronomy where it is written: “On the testimony of two

or three witnesses a man [who has done an evil deed] shall be put to death, but no one shall be put to

death on the testimony of only one witness” (17-6). Contemporary examples of this need include among

others journalists standards and practices which require two independent sources before publishing, or

government agencies who need confirmation before acting.2

In this paper we integrate this desire for confirmation by allowing both unconfirmed and confirmed in-

formation to play a role in the agents’ payoffs. Information that is obtained through one path is said

to be unconfirmed while information that is obtained through at least one more distinct path in the

network is said to be confirmed. It is worth noting that the need for confirmation arises even for an

agent’s information which is directly obtained from this agent. To illustrate this idea, we can think of

the role played by survey papers. A researcher writing a survey paper needs to read carefully the papers

which enter into the scope of the survey. However, it is common that the researcher is not sure about

her understanding of difficult passages of some papers. In this case, the researcher may resort to other

papers which deal with the former papers, in order to be more confident about her own understanding.

Clearly, confirmed information is worth more to an agent than unconfirmed information. In this paper,

we consider a setting where each agent is a source of benefits that others can tap via the formation

of costly links. We assume that a link with another agent allows access, in part and in due course, to

the benefits available to the latter through his own links. In this model the costs of link formation are

incurred only by the agent who sponsors the link. The links formed by the agents define a social net-

work. Consequently, the payoff obtained by each agent in a social network depends on (i) the number of

confirmed resources she obtains from other agents, (ii) the number of unconfirmed resources she obtains

from other agents, and (iii) the number of links she sponsors and so the costs she incurs.

We investigate networks that satisfy strict Nash as the equilibrium property and contrast this with

strict efficient networks, that is networks that maximize aggregate utility.

First, we turn to the existence issue of Nash networks when players use pure strategies. We show that

Nash networks may not exist with a general payoff function. However, there always exists a Nash net-

work if the function which captures the role played by the number of links sponsored by the agent in

her payoff is convex.

Second, we characterize strict Nash networks. We show that connected3 strict Nash networks have

simple architectures: they are minimally confirmed networks or inward pointing stars4. A minimally

2All these cases are relative to corroboration of information, that is using information to test information. In other words,
agents look for other information to support and reconconfirm (or to challence or rebut) information they have found. There
is a quite extensive literature on this subject (see for instance Miranda, L. Vercellesi, F. Bruno [14], or Jick [12]).

3A network is connected if there is a path between every pair of agents.
4An inward pointing star is a network where a player i sponsors a link with each other player while other players do not

sponsor any links.
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confirmed network is a network where each player obtains confirmed resources from each other player

and if a link is removed from this network, then at least one player loses some confirmed resources.

Then, we show that non-connected strict Nash networks contain wheels and at most one subnetwork

which is either empty, or connected.

Third, we examine situations where pair of players make bilateral deviation in order to make a Pareto

improvement in their payoffs. We show that these bilateral deviations allow to obtain connected net-

works as non-empty equilibrium networks.

Fourth, we deal with strict efficient networks. It is difficult to characterize strict efficient networks with

a general payoff function. So, we restrict our attention to the cases where the payoff function is linear.

We show that a strict efficient network is either a minimal unconfirmed network, or a minimal cycle

network.

Finally, we introduce a decay assumption in our framework and examine successively strict Nash net-

works, strict bilateral rational networks and efficient networks. In particular, we provide parameters

which allow to obtain some specific network architectures as network equilibrium.

Our paper belongs to the strand of literature associated with the notion of two-way flow networks

introduced by Bala and Goyal [1] in the connections model (in the following we refer to this model as

the standard model). In their model a set of agents simultaneously decide who they wish to link with

which in turn determines the network structure.5 A link is established as long as the agent initiating

the link pays for it. A link between agents i and j allows each agent to access each others information,

regardless of who initiated the link. In fact each agent obtains the information of agents she is directly

or indirectly connected to. Bala and Goyal show that in this framework non-empty equilibrium networks

are connected. The difference between the present paper and the work of Bala and Goyal concerns the

fact that players do not obtain additional payoff from the confirmation of resources in the standard

model. Thus, our paper can also be viewed as an extension of the standard model of Bala and Goyal

[1].

We investigate the role of confirmed information flows in the network. Our formulation introduces het-

erogeneity endogenously in the model by allowing for the value of information to depend on the network

structure. In our model, information that agent i obtains (directly or indirectly) through one path is

considered unconfirmed information and is of a lower value. We say that information is confirmed when

i acquires j’s information through at least two distinct paths in the network. Our aim is to consider

situations where i has concerns about the validity of information that she acquires from j. Independently

confirming this information through another set of agents allows i to put more faith in j’s information.

For instance if i doubts the consistency of j’s story, then she assigns it a higher value when it is confirmed

5Unlike the model of Jackson and Wolinsky [10] there are no consent issues here.
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by different paths or individuals. Hence we emphasize the role of alternate paths and characterize the

strict Nash networks in this setting. In contrast with the standard model designed by Bala and Goyal

[1], non-empty strict Nash networks are not always connected. In other words, the introduction of the

confirmation assumption may lead to strict Nash networks which are neither empty, nor connected.

Moreover, we show that the confirmation assumption may lead to equilibrium networks where players

are asymmetric with regard to the resources they obtain. This kind of asymmetry does not arise in the

standard model.

A number of variations of the standard model have also been developed. Galeotti, Goyal and Kamphorst

[6], and Billand, Bravard and Sarangi [5] introduce heterogeneity by allowing for different exogenously

given values and costs of links. Since link formation is costly, this implies that Nash networks have a

minimal number of connections. The same is of course true in the standard model of Bala and Goyal.

Haller, Kamphorst and Sarangi [7] deal with the existence of Nash networks under this type of het-

erogeneity.6 In another paper Bala and Goyal [2], examine the (exogenously given) probability of link

failure while Haller and Sarangi [8] introduce heterogeneity in this model. In this setting, to insure

against link failure, equilibrium networks have backup links or alternate paths. Bala and Goyal [1] also

examine decay in networks. Decay captures the idea that information from indirect links is worth less

than information from direct links. Naturally the presence of decay creates an incentive for alternate

paths in the network. Hojman and Szeidl [9] study a model with full decay after a specific distance

in networks. They find that if the population is large enough and the benefit function is sufficiently

concave, then only outward pointing stars are equilibrium networks. Jaegher and Kamphorst [11] exam-

ine the role played by small decay. They show that if the population is large enough, then strict Nash

networks can have arbitrarily large diameters. The interaction between link imperfections (either in the

form of decay or link failure probabilities) and heterogeneity of players has been investigated by Billand,

Bravard and Sarangi ([4] and [3]). They find that in both frameworks, an “anything goes” type result

can be supported, that is for any network g, there exist parameters such that g is a strict Nash network.

This paper proposes a new approach to take into account the fact that only a part of the value of informa-

tions is conveyed through the links in a network. More precisely, Bala and Goyal [1], Hojman and Szeidl

[9] propose a framework where the loss of information through the network is “continuous”. Here we deal

with situations where the loss of information is discontinuous. Players are not sure of the information

received and they need some confirmation concerning ressources they received. The discontinuity al-

lows to interpret backups links as the price that players must pay to obtain a more accurate information.

The paper is organized as follows. In section 2 we present the model setup. In section 3 we char-

6Note that the question of existence in the networks literature is addressed in the context of pure strategies.
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acterize strict Nash networks and we provide a condition which ensures the existence of Nash networks

in pure strategies. In section 4 we characterize strict efficient networks.

2 Model setup

This model is based on the two-way flow connection model initiated by Bala and Goyal (2000).

Networks definitions. We begin by giving the formal definition of a directed network. A network

g is an ordered pair of disjoint sets (N,A) such that A is a subset of the set N × N of ordered pairs

of N . The set N , with |N | ≥ 3, is the set of vertices which will be identified with the players and

A = A(g) is the set of arcs which will be identified with the relations or links between the players. We

assume that there is no arc from a player i to herself. An ordered pair (i, j) ∈ A(g) is said to be an

arc directed from i to j and is denoted ij. In such a case i is said to be the sponsor of ij and j the

recipient of ij. Let Ai(g) = {k j ∈ A(g) : k = i} be the set of arcs sponsored by player i in g and let

A−i(g) = A(g) \ Ai(g) be the set of arcs sponsored by players j 6= i in g. The set of arcs of g can be

written as A(g) = Ai(g) ∪ A−i(g). To simplify the notation, we write Ai(g) ∪ {i j} = Ai(g) + i j and

Ai(g)\{i j} = Ai(g)−i j. For consistency, we write A(g)∪{i j} = A(g)+i j and A(g)\{i j} = A(g)−i j.
We denote by gij the network (N,A(g)+ij), and g−ij the network (N,A(g)−ij). We say that ij ∈ A(g)

if and only if ij ∈ A(g), or ji ∈ A(g). Let G be the set of directed networks with N as the set of vertices.

Let Vi(A(g)) = {j ∈ N \ {i} : ij ∈ Ai(g) or ji ∈ Aj(g)} be the set of players with whom i is directly

linked in g. If |Vi(A(g))| ≥ 3, then player i is called a bridge player in g.

For a directed network, g, a chain Ci0,i`(g) in g between player i0 and player i` is an alternating se-

quence of players and arcs: i0, x1, i1, x2, . . . , x`, i` in which all players are distinct and each arc xm is

either im−1im or imim−1. We denote by N(Ci0,i`(g)) the set of players contained in the chain Ci0,i`(g).

Let Ci0,i`(g) and C ′i0,i`(g) be two different chains between i0 and i` in g. These chains are independent

if N(Ci0,i`(g))∩N(C ′i0,i`(g)) = {i0, i`}. Let Xi0,i`(g) = {C1
i0,i`

(g), . . . , Cm
i0,i`

(g)} be a set of independent

chains between i0 and i` in g. The set of sets of independent chains between i0 and i` in g is denoted

by Xi0,i`(g). Let CIi0,i`(g) ∈ Xi0,i`(g) be a set of independent chains between i0 and i` in g such that

|CIi0,i`(g)| ≥ |Xi0,i`(g)| for all Xi0,i` ∈ Xi0,i` . Let Ni(A(g)) be the set of players j ∈ N \ {i} such that

there is a chain between i and j in g. If there exists a chain between i and j in g, then i and j are said

to be connected in g. A cycle consists of a chain together with an arc between the terminal player and

the initial one of the chain. A wheel is a cycle where each player sponsors one arc and receives one arc.

A network g is connected if each player i ∈ N is connected with each other player j ∈ N \{i}. A network

g is minimally unconfirmed if for any arc ij ∈ A(g) there exists a pair of players k, ` who are connected

in g, while they are not connected in g−ij . In other words, players k and ` are connected in g with the
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arc ij, while they are not connected without this arc. A network g is confirmed, if for all players i ∈ N
and j ∈ N \ {i}, we have |CIi,j(g)| ≥ 2. A network g is minimally confirmed, if for any arc ij ∈ A(g)

there exists a pair of players k, ` such that |CIk,`(g)| = 2 while |CIk,`(g−ij)| = 1. In other words, players k

and ` obtains resources from each other from two independent chains in g while they obtain resources

from each other from one chain when the arc ij is removed. A sub-network of g = (N,A), say g|X , is

a network where the set of vertices, X, is a subset of N and an arc ij belongs to A(g|X ) if and only

if ij belongs to A(g). A maximal connected sub-network of g is a component. Let W(g) be the set of

players who belong to components which are wheels in g and let g|N\W
be the sub-network induced by

the players in N \ W(g) in g. It is obvious that if g|W is a wheel of g, then we have W (g) ⊂ W(g). A

star is a network where a player, say i, is involved in an arc with all other players while other players

are involved only in the arc with i. An inward pointing star is a network where there is a player who

sponsors an arc with all other players while other players do not form any arc. An outward pointing star

is a network where a player receives an arc from each other players and where there is no other arcs. A

network g is a minimal cycle network if it is minimally confirmed and contains n arcs. A network g is

a base network if there does not exit a network g′ such that

1. NC
i (g′) = NC

i (g), NU
i (g′) = NU

i (g), for all players i ∈ N ;

2. There exists a player i such that |Ai(g
′)| < |Ai(g)| and for all players j ∈ N \ {i}, Aj(g

′) = Aj(g).

It is clear that a base network is minimally connected.

A network g is a minimal base network if there does not exist any base network g′ such that

1. NC
i (g′) = NC

i (g), NU
i (g′) = NU

i (g), for all players i ∈ N ;

2. |A(g′)| < |A(g)|.

A bipartite network is a network whose vertices can be divided into two disjoint sets X1 and X2 such

that every arc connects a vertex in X1 to one in X2. Finally, a player who sponsors and receives no arcs

is called an isolated player.

We now illustrate some network architectures.

Minimal cycle network Inward pointing star Outward pointing star

Figure 1: Networks architectures

In Figure 2, network g1 is not a base network since the arc 5 4 is not needed. Network g2 is a base

network and g3 is a minimal base network.
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Figure 2: Base and minimal base networks

Strategies of players. Let Gi = {i j : j ∈ N \ {i}} be the set of arcs that player i can form

with other players. In our context, each player i ∈ N chooses a strategy which consists in forming arcs:

Ai(g) ∈ 2Gi . In this paper, we only use pure strategies. It is worth noting that the set of arcs between

distinct players of network g is A(g) =
⋃

i∈N Ai(g). Given a network g ∈ G, A−i(g) =
⋃

j∈N\{i}Aj(g)

denotes the strategies profile played by all players except i.

Payoffs. To complete the definition of the normal-form game of network formation, we specify the

payoffs. When two players are connected, they gain access to each other’s information. More precisely,

if two players are connected via several independent chains, they access each other’s information and

they can be certain that the information is correct. This is called confirmed access or confirmed con-

nection. However, if they are not connected via several independent chains, they cannot be certain of

the information received. This reduces the value of the information. We call this unconfirmed access or

unconfirmed connection. We assume that each player i prefers to obtain confirmed information instead

of unconfirmed information. We define the confirmed players set as

NC
i (A(g)) = {j ∈ N \ {i} : |CIi,j(g)| ≥ 2}, 7

and the unconfirmed players set as

NU
i (A(g)) = {j ∈ N \ {i} : |CIi,j(g)| = 1}.

Obviously, we have j ∈ NC
i (A(g)) implies i ∈ NC

j (A(g)) and j ∈ NU
i (A(g)) implies i ∈ NU

j (A(g)). An

equivalent confirmation set (ECS) is a set of players where each player of this set obtains confirmed

information from each other player of this set. A maximal equivalent confirmation set (MECS) is a

ECS which is not a subset of another ECS. Formally, we define the set of equivalent confirmation sets

as follows: E(g) = {X ⊂ N : i ∈ X, j ∈ X ⇒ j ∈ NC
i (g)}. Likewise, the set of maximal equivalent

confirmation sets is: EM (g) = {X ∈ E(g) : there is no X ′ ∈ E(g), X ⊂ X ′}. Let M(g) = {j ∈ N : j ∈
7It is worth noting that in a component which contains only two players, say i and j, these players cannot receive confirmed

resources from each other since there is only one chain between them.
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X ∩ X ′ with X,X ′ ∈ EM (g)} be the set of players who belong simultaneously to several MECS. We

illustrate the construction of these sets through the following example.

Example 1 In network g drawn in Figure 1, we have EM (g) = {A,B,C,D,E}, M(g) = {1, 3, 5, 6}.

12

1

2

3

4

6
8

5

79

10

11
A

B

C

D

E

Now we come to the (dis)incentives for players to sponsor arcs: each arc is costly to form for its

initiator.

We now formally define the payoff function of each player i. Let f1, f2, f3 be increasing functions. We

assume that for all x, x′ > 0 and y ≤ x′, f1(x+ y) + f2(x′ − y) > f1(x) + f2(x′).

The payoff function of each player i, given a network g, is:

πi(A(g)) = f1(|NC
i (A(g))|) + f2(|NU

i (A(g))|)− f3(|Ai(g)|). (1)

The assumption, called (A1) in the following, on f1(x + y) + f2(x′ − y) > f1(x) + f2(x′) implies that

the payoff of agent i increases when simultaneously the number of confirmed resources obtained by i

increases by y, and the number of unconfirmed resources obtained by i decreases by y. Moreover, since

f3 is increasing, the payoff function of player i decreases with the number of arcs she forms, given

|NC
i (A(g))| and |NU

i (A(g))|.
In the following, some results are established for the linear payoff function:

πL
i (A(g)) = V C |NC

i (A(g))|+ V U |NU
i (A(g))| − c|Ai(g)|, (2)

with V C > V U > 0, and c > 0.

In the payoff functions above, we exploit the assumption that unconfirmed resources obtained through

indirect arcs have the same value as that obtained through direct arcs. This assumption is strong;

in general, there will be lowering of reliability, as resources is transmitted through a series of players.

More precisely, if player i obtains unconfirmed resources from player j through a lot of intermediary

8



players, then she should have more incentive to confirm information than if player i obtains unconfirmed

resources from player j through few intermediary players. To formalize this idea, define the distance

dg(i, j) between players i and j to be the number of arcs along the shortest chain between i and j in

g. We denote the number of non-confirmed players at distance m from i in the network g by nmi (A(g)).

The payoff of player i in g is given by:8

πi(A(g)) = |NC
i (A(g))|+

n−1∑
w=1

αwn
w
i (A(g))− c|Ai(g)|. (3)

The positive weights α1, α2, ..., αn−1 measure the relative importance of neighbors at different distances.

We assume that 1 > α1 ≥ α2 ≥ ... ≥ αn−1, so that more distant players yield less benefits. Since 1 > α1

each player prefers to obtain confirmed resources instead of unconfirmed ones given the number of arcs

she forms.

When we use payoff given by Equation 1 we assume that resources obtained through the network

are not fully reliable and so they need some confirmation. However, the architecture of the network

does not play any role on the reliability of the resources transmitted through it. When we use payoff

given by Equation 3 we suppose that unconfirmed resources obtained through a lot of intermediaries

players are less reliable than resources obtained through few intermediaries players. In other words, the

architecture of the network plays a role in the reliability of the resources transmitted through it.

Strict Nash networks, strict bilateral rational networks and efficient networks. The strategy

Ai(g) is said to be a best response of player i against the strategy A−i(g) if:

πi(Ai(g), A−i(g)) ≥ πi(A′, A−i(g)), for all A′ ∈ 2Gi . (4)

The set of all of player i’s best responses to A−i(g) is denoted by BRi(A−i(g)). A network g is said to

be a Nash network if Ai(g) ∈ BRi(A−i(g)) for each player i ∈ N . We define a strict best response and

a strict Nash network by replacing ‘≥’ by ‘>’ and by setting A′ ∈ 2Gi \ {Ai(g)}.

To capture the possibility of strict bilateral deviation in our setting, we use strict bilateral rational

networks which are a slight variation of stable equilibrium networks introduced by Kim and Wong [13].

A strict bilateral rational network is a strict Nash network where given all other players strategies, no

pair of players can propose a joint change in their own strategies that strictly improves both players’ pay-

off. This assumption is intuitively reasonable and can be regard as a minimal assumption that captures

the cooperative or lobbying behavior of players. Moreover, each player should not have any incentive to

8This function is inspired by the payoff function given by Hojman and Szeidl [9]. This payoff function generalizes the payoff
function with decay introduced by Bala and Goyal [1].
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modify unilaterally her strategy, that is each player plays a strict best response.

We now define this solution formally. Let A−ij(g) =
⋃

`∈N\{i,j}A`(g) denotes the strategies profile

played by all players except i and j. The pair of strategies9 Aij(g) = (Ai(g), Aj(g)) is said to be a

strictly bilateral best response of players i and j against the strategy A−ij(g) if there is no pair of

strategies A′ij ∈ 2Gi × 2Gj \Aij(g), such that

(πi(Aij(g), A−ij(g)), πj(Aij(g), A−ij(g))) ≤ (πi(A
′
ij , A−ij(g)), πj(A

′
ij , A−ij(g))). (5)

Equation 5 captures the idea that no pair of agents can make a joint deviation to make a weakly

Pareto improvement for themselves. The set of all bilateral best responses of players i and j to

A−i(g) is denoted by BBRij(A−ij). A network g is said to be a strict bilateral rational network if

(Ai(g), Aj(g)) ∈ BBRij(A−ij) for each pair of players (i, j) ∈ N × N and if Ai(g) ∈ BRi(A−i(g)).

Clearly, strict bilateral rational networks are a simple refinement concept for the strict Nash networks

based on bilateral rationality.

We now define the total payoff function as W (g) =
∑

i∈N πi(A(g)). An efficient network g is a network

such that W (g) ≥ W (g′), for all g′ ∈ G. We define a strict efficient network by replacing ‘≥’ by ‘>’,

and ‘G’ by ‘G \ {g}’.

3 Confirmation Model Analysis

We begin the analysis with the issue of existence of Nash networks when the payoff function of players

is given by equation 1.

3.1 Nash networks

We show that there does not always exist a Nash network in pure strategies. Then we provide a condition

on the function which captures the role played by the cost of setting arcs in the payoff of the players.

This condition ensures the existence of Nash networks in pure strategies. The function f3 is convex if

f3(x+ 1)− f3(x) ≥ f3(x)− f3(x− 1), for all x ∈ {1, . . . , n− 2}.

Proposition 1 Suppose that payoff function is given by equation 1. Then, there does not always exist

a Nash network. Suppose that payoff function is given by equation 1 and f3 is convex. Then a Nash

network will always exist.

9Aij(g) can be interpreted as Ai(g) ∪Aj(g).
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Proof First, we show through an example that if the payoff function is given by equation 1, then there

does not always exist a Nash network. Suppose N = {1, 2, 3} and f1(0) = f2(0) = f3(0) = 0, f1(2) = 7,

f2(1) = 5, f2(2) = 5.5, f3(1) = 4 and f3(2) = 5.10 We show that no network can be Nash. Clearly a

Nash network has at most 3 arcs. The empty network is not Nash since f1(0) + f2(2) − f3(2) = 0.5 >

0 = f1(0) + f2(0)− f3(0). A network with one arc is not Nash since for the player who is not involved

in the arc, we have: f1(0) + f2(2)− f3(1) = 1.5 > 0 = f1(0) + f2(0)− f3(0), that is she has an incentive

to form an arc with one of the players. No network with two arcs can be Nash. More precisely, in such

a network either a player receives two arcs, or such a player does not exist. In the former case, we have:

f1(2)+f2(0)−f3(2) = 2 > 1.5 = f1(0)+f2(2)−f3(1), and each player who sponsors an arc has an incen-

tive to add an arc. In the latter case, we have: f1(0)+f2(1)−f3(0) = 5 > 1.5 = f1(0)+f2(2)−f3(1), and

one of the players who has sponsored an arc has an incentive to remove it. No network with three arcs

can be Nash. More precisely, in such a network there is at least one player who sponsors exactly one arc.

This player is better off deleting this arc as f1(2)+f2(0)−f3(1) = 7−4 = 3 < 5.5 = f1(0)+f2(2)−f3(0).

We now show that there always exists a Nash network when f3 is convex. We will show that if the

empty network and the outward pointing stars are not Nash networks, then a wheel is a Nash network.

Let us begin with the empty network ge. In ge each player obtains a payoff equal to f1(0)+f2(0)−f3(0).

There are two cases: either ge is Nash and the proof is complete, or it is not. In the latter case,

players have an incentive to form arcs. It follows that there exists x, 1 ≤ x ≤ n − 1, such that

f1(0)+f2(x)−f3(x) > f1(0)+f2(0)−f3(0). Since f2 and f3 are strictly increasing, we have f1(0)+f2(n−
1)− f3(1) > f1(0) + f2(x)− f3(x) for some x, 1 ≤ x ≤ n− 1. In such a situation, players in an outward

pointing star, gos, have no incentive to remove arcs. There are two cases: either gos is Nash and the proof

is complete, or it is not. In the latter case, players have an incentive to form arcs in gos. Consequently,

we have: f1(x+ 1) + f2(n− x− 2)− f3(1 + x) ≥ f1(0) + f2(n− 1)− f3(1), for some x, 1 ≤ x ≤ n− 2,

that is f1(x + 1) + f2(n− x− 2)− (f1(0) + f2(n− 1)) ≥ f3(1 + x)− f3(1), for some x, 1 ≤ x ≤ n− 2.

We show that if ge and gos are not Nash networks, then a wheel is a Nash network. Indeed, we have

f1(n−1)+f2(0)−(f1(0)+f2(n−1)) ≥ f1(x+1)+f2(n−x−2)−(f1(0)+f2(n−1)) ≥ f3(1+x)−f3(1) ≥
f3(1)− f3(0), for 1 ≤ x ≤ n− 2. The first inequality comes from assumption A1, and the last inequality

comes from the convexity of f3. It follows that f1(n−1) +f2(0)−f3(1) ≥ f1(0) +f2(n−1)−f3(0), that

is no player in a wheel has an incentive to remove her arc. It follows that a wheel is a Nash network. �

The intuition of the proof of the proposition is as follows. If the empty network is not Nash, then

each player has an incentive to form at least one arc. There are two cases (a) If each player accept to

maintain one arc when she obtains confirmed resources from all other players, then the wheel is Nash.

(b) If in the wheel players prefer to remove her link and obtain unconfirmed resources, then the outward

10It is worth noting that f1(1) cannot appear in this model. Moreover, f2(3) and f3(3) cannot appear in our example.
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pointing star is Nash.

Our second result highlights a general property of Nash networks: in equilibrium there does not exist

superfluous arcs.

Proposition 2 Suppose that payoff function is given by equation 1 and g is a Nash network. Then, g

is a base network.

Proof Let g be a Nash network. To introduce a contradiction, suppose g is not a base network. Then,

there is a costly arc, say ij which can be deleted by player i such that the resulting network allows player

i to obtain the same total resources. This implies that player i has a strict incentive to remove the link

ij. Consequently, g is not a Nash network, a contradiction. �

Proposition 3 Suppose that payoff function is given by equation 1. Then, there exist f1, f2 f3 such

that any minimally unconfirmed network is a Nash network.

Proposition 3 illustrates that the set of Nash networks is very large.11 However, a Nash network in which

a player, say i, has multiple best responses is likely to be unstable since i may decide to switch to another

payoff equivalent strategy. This motivates the examination of strict Nash networks. Consequently, we

pursue the analysis by the characterization of strict Nash networks.

3.2 Strict Nash networks

First, we need to present five lemmas. The first one is a technical lemma. It shows that there is no

player in a strict Nash network g who belongs simultaneously to several MECS. To prove this lemma,

we need to construct from g a bipartite network called gM . The set of vertices of gM is M(g)∪EM (g).

There is a link between i ∈M(g) and X(g) ∈ EM (g) if i belongs to X(g) in gM .12 In the next example,

we illustrate the construction of the network gM from g.

Example 2 We construct from network g in Figure 2.a, the network gM associated with g in Figure

2.b.

Notice that by construction the network gM contains no cycle, otherwise the set EM (g) is not well

defined.

Lemma 1 Suppose that payoff function is given by equation 1 and g is a strict Nash network. Then,

M(g) = ∅.
11Bala and Goyal [1] shows that the number of Nash networks increases rapidly with the number of players in the standard

framework. In our framework, the number of Nash networks is larger than in the standard framework.
12In gM the direction of the links plays no role. Consequently, we use “link” instead of “arc” for network gM .
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Figure 3: Construction of gM

Proof We prove the lemma in two steps. First, we establish that each MECS has at most one link in

gM . Second, we use this result to show that M(g) = ∅.

1. We establish that each MECS has at most one link in gM . To introduce a contradiction suppose

that there is a MECS, say X(g), who has two links in gM . In the following, we focus on the

component, say Z(g), which contains X(g) in gM . We know that gM is acyclic, so Z(g) is acyclic.

Consequently, there are two vertices in Z(g) which have only one link. Moreover, by construction,

each vertex in M(g) which belongs to Z(g) has links with at least two vertices in Z(g). It follows

that there are two vertices in EM (g) which have only one link in Z(g). We conclude that there

exist two MECS which belong to Z(g), say Xm(g) ∈ EM (g) and X ′m(g) ∈ EM (g), which contains

only one player who belongs to M(g). We denote by im the unique player in M(g) who belongs

to Xm(g) and by i′m the unique player in M(g) who belongs to X ′m(g). Since a MECS contains

at least 3 players, Xm(g) contains at least two players, say j /∈ M(g) and k /∈ M(g), such that

jk ∈ A(g). By using the same arguments X ′m(g) contains two players j′ /∈ M(g) and k′ /∈ M(g)

such that j′k′ ∈ A(g).

We now show that players j and j′ cannot play simultaneously a strict best response in g. We

define g′ as the network such that A(g′) = A(g) + jk′ − jk. Likewise, we define g′′ as the network

such that A(g′′) = A(g) + j′k − j′k′.
Let x < |Xm(g)|− 1 be the number of confirmed resources that player j obtains when she removes

her arc with player k in g and let x′ < |X ′m(g)| − 1 be the number of confirmed resources that

player j′ obtains when she removes her arc with player k′ in g. Likewise, let y be the number of

confirmed resources that player j obtains in g′ from players who belong neither to Xm(g), nor to

X ′m(g) (it is also the number of confirmed resources that player j′ obtains in g′′ from players who

belong neither to Xm(g), nor to X ′m(g)).
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Let K be the number of players from whom player j obtains unconfirmed resources and who do

not belong to X ′m(g) (it is also the number of players from whom player j′ obtains unconfirmed

resources and who do not belong to Xm(g)).

Suppose that player j replaces the arc jk by the arc jk′. We have:

∆j = πj(A(g′))− πj(A(g)) = f1(x+ y + |X ′m|) + f2(K + (|Xm| − 1− x− y))

−f1(|Xm| − 1)− f2(K + |X ′m|).

We obtain:

0 > ∆j ≥ f1(|X ′m|) + f2(K + |Xm| − 1)− f1(|Xm| − 1)− f2(K + |X ′m|). (6)

The first inequality comes from the strict Nash property of g and the second inequality comes from

the assumption (A1) made on the payoff function.

Suppose that player j′ replaces the arc j′k′ by the arc j′k. We have:

∆j′ = πj′(A(g′))− πj′(A(g)) = f2(K + (|X ′m(g)| − 1− x′ − y))

+f1(x′ + y + |Xm(g)|)

−f1(|X ′m(g)| − 1)− f2(K + |Xm(g)|).

We obtain:

0 > ∆j′ ≥ f1(|Xm(g)|) + f2(K + |X ′m(g)| − 1)− f1(|X ′m(g)| − 1)− f2(K + |Xm(g)|). (7)

The first inequality comes from the strict Nash property of g and the second inequality comes from

the assumption (A1) made on the payoff function. By Assumption (A1), we have f1(|X ′m(g)|) +

f2(K+(|Xm(g)|−1)) > f1(|X ′m(g)|−1)+f2(K+(|Xm(g)|)) and f1(|Xm(g)|)+f2(K+(|X ′m(g)|−
1)) > f1(|Xm(g)| − 1) + f2(K + (|X ′m(g)|)). It follows that equations 6 and 7 are not compatible.

A contradiction.

2. We show that M(g) = ∅. Suppose g is a strict Nash network and i ∈M(g). We call X and X ′ two

MECS which contain i. We know that players i ∈M(g) are not connected in gM . Hence, there is

no player j ∈ M(g) who belongs to X or X ′. Since each MECS contains at least 3 players, there

are two players j 6∈ M(g) and k 6∈ M(g) in X and two players j′ 6∈ M(g) and k′ 6∈ M(g) in X ′

such that jk ∈ A(g) and j′k′ ∈ A(g). Hence, we can use the arguments given in the proof of the

previous point to show that it is not possible that player j does not have any incentive to replace
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the arc jk by the arc jk′ and that simultaneously player j′ does not have any incentive to replace

the arc j′k′ by the arc j′k. Consequently, g is not a strict Nash network, a contradiction.

�

In the second lemma, we provide some properties of players who belong to MECS in strict Nash

networks. The proof of this lemma is given in Appendix.

Lemma 2 Let g be a strict Nash network and let X be a MECS in g. Suppose i ∈ X, j 6∈ X and

ij ∈ A(g). Then, (a) no player k ∈ X sponsors an arc with i in g, (b) ij ∈ A(g), and (c) Vj(g) = {i}.

In the third lemma, we establish that in strict Nash networks players who belongs to MECS cannot

both form several arcs and receive ones. The proof of this lemma is given in Appendix.

Lemma 3 Suppose that payoff function is given by equation 1 and g is a strict Nash network. Let X

be a MECS of g. If i ∈ X and i is a bridge player, then i is the sponsor of all arcs she is involved in.

In Lemma 4, we establish that there are no arcs between players who belong to a MECS and players

who does not belong to this MECS. The proof of this lemma is given in Appendix.

Lemma 4 Suppose that payoff function is given by equation 1 and g is a non-empty strict Nash network.

No player i in a MECS X forms an arc with a player j 6∈ X.

Lemma 5 provides architectural properties of strict Nash networks. In particular, it highlights that

non-empty strict Nash networks may be non-connected. The proof of this lemma is given in Appendix.

Lemma 5 Suppose that payoff function is given by equation 1 and g is a non-empty strict Nash network.

Then, g is either connected, or it contains wheels and a sub-network g|N\W
where g|N\W

is either empty,

or connected.

We now provide some intuition of this result. First, we provide arguments which imply that a non-

empty strict Nash network which contains no wheel is connected. Lemma 3 plays an important role to

establish this result. Indeed, in a MECS which is not a wheel there is a player, say i, who has formed

at least two arcs. This player cannot receive any arcs by Lemma 3. It follows that a player which is not

connected with player i, say j, can imitate her strategy, and obtain the same payoff as i. Likewise, if a

player, say i′, is not connected in g with a player who belongs to a minimally unconfirmed sub-network,

say j′, then player i′ obtains a payoff higher than the payoff obtained by j′ in g when she forms no arc

except the arc i′j′. Consequently, in a non-empty and non-connected network which contains no wheels

g, there always exist two players, say ` an `′, who can obtain a payoff greater or equal to the payoff

of the other by modifying her strategy. It follows that if π`(A(g)) ≥ π`′(A(g)), then player `′ has an
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incentive to change her strategy, and if π`(A(g)) ≤ π`′(A(g)), then player ` has an incentive to change

her strategy. Therefore, a non-empty and non-connected network g cannot be a strict Nash network.

Let us provide arguments about the fact that a network g which contains several wheels may be strict

Nash. Indeed, in such a network each player who belongs to a wheel receives one arc. It follows that a

player, say i, who is not connected with players in the wheel cannot obtain the same payoff as players

in a wheel. Indeed, player i must form two arcs with players in a wheel to obtain confirmed resources

from them while players in a wheel has formed only one arc in g.

We now introduce the two main propositions about the characterization of strict Nash networks. Propo-

sition 4 provides the architectures of connected strict Nash networks, while Proposition 5 provides the

architectures of non-connected strict Nash networks.

Proposition 4 Suppose that payoff function is given by equation 1 and g is a connected strict Nash

network. Then, g is (a) a minimally confirmed network where all bridge players are the sponsors of all

arcs they are involved in, or (b) an inward pointing star.

Proof Let g be a connected strict Nash network. By Lemma 2 and 4 either (1) g contains a MECS,

say X, and all players belong to X, or (2) g does not contain any MECS. We deal successively with

these two cases.

1. Suppose g contains a MECS, say X and all players belong to X. We show that g, which is a

confirmed network, is a minimal confirmed network where all bridge players are the sponsors of

all arcs they are involved in. Suppose g is a confirmed network which is not a minimal confirmed

network. Then, there is a, costly, arc which can be deleted such that the resulting network is still

confirmed connected. This implies that the sponsor of the arc is better off deleting the arc, hence

g is not a strict Nash network, a contradiction. Finally, by Lemma 3, we know that in a minimally

confirmed strict Nash network, all bridge players are the sponsors of all arcs they are involved in.

2. The proof given here is inspired by the proof given by Bala and Goyal (??, Proposition 4.2, pg

1204). Suppose g does not contain any MECS. It follows that g contains no cycle. Since g is

connected, it is minimally unconfirmed. Moreover, if ij ∈ A(g), then there is no player k such that

ki ∈ A(g) (or kj ∈ A(g)), since k can replace the arc ki by kj (kj by ki) and obtains the same

payoff as in g. It follows that if ji ∈ A(g), then j has formed arcs with all players in Vj(A(g)).

Moreover, no player, except j can form arcs with players in Vj(A(g)). Consequently, player j forms

arcs with all players in N \ {j} in g since this network is minimally unconfirmed. It follows that

g is an inward pointing star.

To sum up, the only connected networks candidates to be strict Nash networks are minimally confirmed

networks and inward pointing stars. �
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We now highlight through an example that the payoff of several players may be asymmetric in a

strict Nash network. Recall that in the standard model only one player, the central player in the inward

pointing star, obtained a payoff different from the others in a non-empty strict Nash network.

Example 3 Suppose that N = {1, . . . , 7} and the payoff function is given by equation 2. Moreover,

suppose that VU = 1 c = 10 and V C = 100. Then, network g in Figure 3 is a strict Nash network.

In this network, all players obtain the same gross profit but players 4 and 6 incur the costs of 3 arcs,

players 1 and 2 incur the costs of 1 arc and players 5 and 7 incur no cost at all.

7

1 2 3

4 5 6

Figure 4: Network g

Proposition 5 Suppose that payoff function is given by equation 1 and g is a non-empty and non-

connected strict Nash network. Then, g contains x, x ≥ 1, wheels and a sub-network g|N\W
. Moreover,

g|N\W
is empty, or a minimally confirmed network where all bridge players are the sponsors of all arcs

they are involved in.

Proof Let g be a non-empty and non-connected strict Nash network. We know by Lemma 5 that there

is a unique sub-network, g|N\W
, which is either empty, or connected. By using the same arguments as in

Proposition 4 we obtain the result: g|N\W
is empty, or an inward pointing star, or a minimally confirmed

network. We now show that g|N\W
is not an inward pointing star. To introduce a contradiction, suppose

a strict Nash network g which contains both a wheel g|W , with W (g) ⊂ W(g) and an inward pointing

star g|N\W
. Let i ∈ N \ W(g) be the player who forms arcs in g|N\W

, let j ∈ N \ (W(g) ∪ {i}) be

a player in the inward pointing star and let ` ∈ W . By construction, |W (g)| ≥ 3. Finally, we set

A(g′) = A(g) − ij + i`. We have πi(A(g)) = f1(0) + f2(|N \ W(g)| − 1) − f3(|N \ W(g)| − 1) <

f1(0) + f2(|N \ W(g)| − 2 + |W (g)|)− f3(|N \ W(g)| − 1) = πi(A(g′)). The inequality comes from the

strict increasing property of f2. It follows that player i does not play a strict best response and g is not

a strict Nash network, a contradiction.

�

We provide an intuition about the fact that it is not possible that a strict Nash network g contains

two bridge players, say i and j, who belong to two distinct MECS, respectively X and Y . If such bridge

players exist, then each of them is able to imitate the strategy played by the other. Consequently,

if πi(Ai(g), A−i(g)) ≤ πj(Aj(g), A−j(g)), then player i obtains a higher payoff when she imitates the
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strategy of player j. Indeed, we have πi(Aj(g), A−i(g)) > πj(Aj(g), A−j(g)) ≥ πi(Ai(g), A−i(g)).

We now examine an example which highlights a result (due to Lemma 5) concerning the role played by

the assumption on the confirmation of information owned by the players. In contrast with the standard

model designed by Bala and Goyal [1], non-empty strict Nash networks are not always connected. In

other words, the introduction of the confirmation assumption may lead to strict Nash networks which

are neither empty, nor connected.

Example 4 Suppose the payoff function is given by equation 1 and V C = 8, V U = 2, c = 7. Suppose

N = {1, . . . , 6} and let g be such that A(g) = {1 2, 2 3, 3 1, 4 5, 5 6, 6 4}. Then, g is a non-empty strict

Nash network which is not connected.

3.3 Strict bilateral rational networks

We begin with a lemma which shows that any acyclic component of a strict bilateral network is an

inward pointing star. The proof is an adaptation of the proof given by Bala and Goyal ([1], Proposition

4.2, pg 1204).

Lemma 6 Suppose that payoff function is given by equation 1 and g is a non-empty strict bilateral

rational network. Suppose that g|X is an acyclic connected component of g. Then, g|X is an inward

pointing star.

Proof Let g be a non-empty strict bilateral rational network and let g|X be an acyclic connected

component of g. Since g is a strict bilateral rational network, it is a strict Nash network. Consequently,

g|X is minimally unconfirmed. To introduce a contradiction, suppose that g|X is not an inward pointing

star. Suppose that player i has formed an arc with player j. No player ` forms an arc with player j

or player i in g, otherwise player ` can replace her arc `j (or `i) by the arc `i (respectively `j) and

all players obtain the same payoff as in g. Consequently, g is not a strict bilateral rational network, a

contradiction. �

Next lemma establishes that a strict bilateral rational network is connected. The proof of this lemma

is given in Appendix.

Lemma 7 Suppose that payoff function is given by equation 1 and g is a non-empty strict bilateral

rational network. Then, g is connected.

Let us provide an intuition of this result. We showed previously that if a strict Nash network is non-

connected then there exists a component which is a wheel (see Proposition 5). We focus on the situation

where a strict Nash network, g contains two wheels. Let player i belongs to one wheel while player j
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belongs to the other one. In that case, player i and j can simultaneously improve their payoff if i replaces

the arc she has formed in g by an arc to the player who receives the arc of j in g and if j replaces the

arc she has formed in g by an arc to the player who receives the arc of i in g.

Since a strict bilateral rational network is a strict Nash network, Lemmas 4 and 5 are satisfied for strict

bilateral rational networks. Hence we have the two following lemmas.

Lemma 8 Suppose that payoff function is given by equation 1 and g is a strict bilateral rational network.

Let X be a MECS of g. If i ∈ X and i is a bridge player, then i is the sponsor of all arcs she is involved

in.

Lemma 9 Suppose that payoff function is given by equation 1 and g is a non-empty strict bilateral

rational network. No player i in a MECS X forms an arc with a player j 6∈ X.

These lemmas allow us to provide the main proposition concerning strict bilateral rational networks.

Proposition 6 Suppose that payoff function is given by equation 1 and g is a non-empty strict bilateral

rational network. Then, g is an inward pointing star, or a minimal cycle, or a minimally confirmed

network where all bridge players form arcs with the same players.

Proof Let g be a non-empty strict bilateral rational network.

Suppose g is acyclic. Then, by Lemma 7 it is connected and by Lemma 6, it is an inward pointing star.

Suppose g contains a MECS. By Lemma 7, we know that g is connected and by Lemma 9 we know

that there is no arc between a player who belongs to a MECS, say T1(g), and a player who does not

belong to T1(g). It follows that g is a minimally confirmed network. We show that if g is not a minimal

cycle, then (i) there exist several bridge players and (ii) these bridge players sponsor arcs with the same

players.

First, we show that there are several bridge players in g. Suppose that g is a minimally confirmed network

which is not a minimal cycle. Since g is not a minimal cycle, there exists a player, say i0, who is involved

in 3 arcs in g. By Lemma 8, i0 sponsors all these arcs. We now show that there exists another player, say

j0, who is involved in 3 arcs in g. Let {i1, i2, i3} ⊂ Vi0 . Since g is a minimally confirmed network, there

exist two independent chains between i1 and i2: C1
i1i2

(g) = i1, i0i1, i0, i0i2, i2 and C2
i1i2

(g). Likewise

there exist two independent chains between i1 and i3: C1
i1i3

(g) = i1, i0i1, i0, i0i3, i3 and C2
i1i3

(g). There

always exists a player, say j0 ∈ N \ {i1}, who belongs simultaneously to C2
i1i2

(g) and C2
i1i3

(g) otherwise

player i0 obtains confirmed resources from i1 through i2 and i3 and g is not a minimally confirmed

network (the arc i0i1 is not needed). Likewise, it is worth noting that j0 6∈ {i2, i3} otherwise g is not a

minimally confirmed network. It follows that j0 is involved in 3 arcs: an arc which belongs to a chain

Ci1j0(g), an arc which belongs to a chain Ci2j0(g) and an arc which belongs to a chain Ci3j0(g). By

Lemma 8, player j0 sponsors all her arcs in g.
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Second, we show that bridge players sponsor arcs with the same players. To introduce a contradiction,

suppose that player i0 and j0 are such that Ai0(g) 6= Aj0(g). Since g is a minimally confirmed network,

there exists a chain between i0 and j0, say Ci0,j0(g) = i0, i0j1, j1, j1j2, . . . , jm−1, jmjm−1, jm, j0jm, j0

where j1 6= jm. Suppose players i0 and j0 modify their strategies: player i0 replaces the arc i0j1 by

i0jm and player j0 replaces the arc j0jm by j0j1. Then, we obtain the network g′ such that A(g′) =

A(g) + i0jm − i0j1 + j0j1 − j0jm. Players i0 and j0 obtain the same payoff in g and in g′: they obtain

the same resources and incur the same costs in g′ and in g. Consequently, g is not a strict bilateral

rational network, a contradiction. �

Strict bilateral rational networks allow to make a refinement among strict Nash networks. Indeed,

the strict Nash network drawn in Figure 3 is not a strict bilateral rational network since the bridge

players, players 4 and 6, do not sponsor arcs with the same players. We now illustrate through an

example a strict bilateral rational network which is a minimal confirmed network and contains bridge

players.

Example 5 Suppose that N = {1, . . . , 5} and the payoff function is given by equation 2. Moreover,

suppose that VU = 1 c = 10 and V C = 100. Then, network g in Figure 5 is a strict bilateral rational

network.

2

3

4 5 1

Figure 5: Network g

Efficient networks. We now turn to the issue of efficiency. Bala and Goyal showed that in the

standard model, in general, an efficient network needs not to be either connected or empty (see example

pg. 1205). The authors provide a partial characterization of efficient networks in this standard model.

More precisely, they provide a condition which allows to obtain minimally connected networks and empty

network as the only candidates to be efficient networks (Proposition 4.3, pg. 1205, [1]). They also show

that, in the standard case, minimally connected networks and the empty network are the only candidate

to be efficient networks when the payoff function is linear.

In this section, we deal with efficient networks when a confirmation assumption is introduced.

Proposition 7 Suppose that payoff function is given by equation 1, f3 is linear and g is an efficient

network. Then, g is a minimal base network. Moreover, if f2(x+ 1)− f2(x) > f3(y+ 1)− f3(y), for all

x, y ∈ {0, . . . , n− 2}, then an efficient network is connected. Suppose in addition that f1(x+ 1) + f2(y−
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1)− (f1(x) + f2(y)) > f3(z + 1)− f3(z), for all x, z ∈ {0, . . . , n− 2} and for all y ∈ {1, . . . , n− 2}, then

an efficient network is a minimally confirmed network.

Proof We prove successively the three parts of the proposition.

Suppose g is not a minimal base network. Then, there is a costly arc, say ij which can be deleted

such that the resulting network allows to obtain the same total resources. This implies that total payoff

increases when ij is deleting. Hence g is not an efficient network, a contradiction.

Suppose f2(x + 1) − f2(x) > f3(y + 1) − f3(y), for all x, y ∈ {0, . . . , n − 2}. Then we use the same

arguments as Bala and Goyal ([1], Proposition 4.3 pg. 1205): connectedness follows from the hypothesis

that an additional arc to an unobserved agent is weakly preferred by individual agents; since information

flow is two-way, such an arc generates positive externalities in addition and therefore increases social

welfare.

Suppose f2(x+ 1)− f2(x) > f3(y + 1)− f3(y), for all x, y ∈ {0, . . . , n− 2} and f1(x+ 1) + f2(y − 1)−
(f1(x) + f2(y)) > f3(z + 1)− f3(z), for all x, z ∈ {0, . . . , n− 2} and for all y ∈ {1, . . . , n− 2}. The first

condition implies that an efficient network is connected. The second condition implies that each player

accepts to support a costly additional arc in order to obtain confirmed resources. Since these confirmed

resources generates positive externalities for other players, the social welfare increases. �

We now characterize efficient networks when the payoff function is linear. At this point, we introduce

a remark. In each minimally unconfirmed network, there are n − 1 arcs and each player obtains the

unconfirmed information of each other. Hence, the total payoff obtained in such networks is (n −
1)(nV U − c) when the payoff function is linear. Likewise, in each minimal cycle there are n arcs and

each player obtains the confirmed information of each other. Hence, the total payoff obtained in such

networks is n((n− 1)V C − c) when the payoff function is linear.

Proposition 8 Suppose that payoff function is given by equation 2 and the empty network is not effi-

cient. Let g be an efficient network. Then, g is either a minimal unconfirmed network, or a minimal

cycle network. Moreover, if n(n − 1)(V C − V U ) < c, then g is a minimal unconfirmed network; and if

n(n− 1)(V C − V U ) > c, then g is a minimal cycle network.

Proof Let g be an efficient network. Firstly, we show that g is either connected or empty. We know

by Proposition 7 that an efficient network is minimal. To introduce a contradiction, suppose that g is

non-empty and non connected. There are two cases: either g contains a cycle, or g does not contain

any cycle.

1. Suppose that g contains a cycle, and so a MECS. We show that there is no player who does not

belong to the MECS and who is directly connected with a player in the MECS in g. To introduce a

contradiction, suppose a MECS T1(g) in g which contains players i and j, with ij ∈ A(g) and let player

` 6∈ T1(g) such that i` ∈ A(g). We define the network g′ as follows A(g′) = A(g)− ij + `j. We have
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W (g′)−W (g) = 2|T1(g)|(V C − V U ) > 0.

Consequently, g is not efficient, a contradiction. We now show that there does not exist a player ` who is

not connected to the MECS in g. Again, let players i and j belong to the MECS T1(g) with ij ∈ A(g).

Since g is efficient, we have:

|T1(g)|(|T1(g)| − 1)V C − |T1(g)|c ≥ 0⇒ (|T1(g)| − 1)V C − c ≥ 0.

Since g is not connected, there exists a player ` who is not connected with player i. Let g′ be a network

such that A(g′) = A(g)− ij + i`+ `j. We have

0 ≤ (|T1(g)| − 1)V C − c < (2|T1(g)| − 1)V C − c = (|T1(g)|2 − (|T1(g)| − 1)2)V C − c ≤W (g′)−W (g).

It follows that g is not efficient, a contradiction.

2. Suppose that g contains no cycle. Since g is non-empty, there is a component g|X , |X| ≥ 2, in g. We

suppose that players i and j belong to X with ij ∈ A(g). Since g is efficient, we have

|X|(|X| − 1)V U − (|X| − 1)c ≥ 0⇒ |X|V U − c ≥ 0

Since g is not connected, there is a player ` 6∈ X who is not connected with i. Let g′′ be a network such

that A(g′′) = A(g) + i`. We have

0 ≤ |X|V U − c < 2|X|V U − c ≤W (g′′)−W (g).

It follows that g is not efficient, a contradiction.

Let g be a non-empty network. Clearly, g cannot contain more than n arcs since with n arcs it is possible

to construct a minimal cycle network which allows to confirmed all the resources. Moreover, g cannot

contain less than n− 1 arcs since it is connected.

In a minimal cycle network, the total payoff is n(n− 1)V C −nc. Moreover, with n− 1 arcs it is possible

to construct a minimal unconfirmed network which allow to obtain unconfirmed information from all

the players. In the latter network, the total payoff is n(n− 1)V U − (n− 1)c.

It follows that if n(n−1)(V C−V U ) < c, then g is a minimal unconfirmed network, and if n(n−1)(V C−
V U ) > c, then g is a minimal cycle network.

�

We now examine the relationship between strict Nash networks and efficient networks when the

payoff function is linear. Firstly, we establish through an example that strict Nash networks and
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efficient networks do not always coincide.

Example 6 Suppose that the payoff function is given by equation 2 and V C < c, nV U > c and

V C−V U < c/[n(n−1)]. Inward pointing stars are efficient networks. Indeed, (i) the total payoff obtained

in inward pointing stars is greater than the total payoff obtained in the empty network: (n−1)(nV U−c) >
0 since nV U > c; and (ii) the total payoff obtained in minimal cycles: (n−1)(nV U−c) > n((n−1)V C−c)
since V C − V U < c/[n(n− 1)]. However, an inward pointing star is not a strict Nash network since the

player who sponsors the arcs has no incentive to maintain them due to V U < c. Finally, since inward

pointing stars are not strict Nash networks, they cannot be strict bilateral rational networks.

Secondly, we provide conditions which ensure the coincidence of strict Nash networks and efficient

networks when the payoff function is linear.

Proposition 9 Suppose that payoff function is given by equation 2.

1. If a minimal cycle network, gmc, is a strict Nash network, then gmc is an efficient network.

2. If the empty network, ge, is a strict efficient network, then ge is a strict Nash network.

3. Suppose V U > c and V C − V U < c/[n(n− 1)]. Then an inward pointing star is both a strict Nash

network and an efficient network.

Proof We begin with an initial observation. Consider a network g. First, note that each arc in g

creates positive externalities. More precisely, for a given arc ij ∈ A(g), no player, except i, can be

harmed by this arc: it costs them nothing while it may add to their unconfirmed resources or upgrade

their unconfirmed resources to confirmed resources. Part 1 and Part 2 of the proposition follows this

observation. We now prove part 3 of the proposition.

Suppose that V U > c and V C − V U < c/[n(n− 1)]. Let gs be an inward pointing star where player j is

the sponsor of the arcs. First, we show that player j has no incentive to remove any of her arcs in gs.

If player j removes x arcs in gs, she obtains a marginal payoff equal to A1 = x(c− V U ). A1 is negative

since V U > c. Second, we show that it is inefficient to add arcs in gs. To introduce a contradiction,

suppose that some arcs are added in gs. Then the incremental payoff associated to each of them is

bounded above by n(n− 1)(V C − V U )− c. By assumption n(n− 1)(V C − V U )− c < 0, and we obtain

a contradiction. We conclude by using the initial observation. �

4 Decay with network distance

In this section, we suppose that the payoff function is given by equation 3. We examine successively

strict Nash networks, strict bilateral rational networks and efficient networks.
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4.1 Strict Nash networks

We present two propositions about strict Nash networks.

In Proposition 4 we established that a non-empty and acyclic strict Nash network is connected. The

following proposition shows that this result still holds when decay is introduced into the payoff function.

Proposition 10 Suppose that payoff function is given by equation 3 and g is a non-empty acyclic strict

Nash network. Then g is a minimally unconfirmed network.

Proof Let g be a non-empty and acyclic strict Nash network. We show that g is connected. To

introduce a contradiction, suppose that g is a non connected network. Since g is acyclic and non-empty

there exists a player i who is involved in at most one arc, say ij. Since g is not connected, there is a

player, say i′, such that i 6∈ NU
i′ (A(g)) and i′ 6∈ NU

i (A(g)). First, we show that ji 6∈ A(g). To introduce

a contradiction, suppose that ji ∈ A(g). Then, we have πj(A(g)) ≤ πj(A(g)− ji+ ji′). Consequently,

we have ij ∈ A(g).

Since the payoff function 3 is linear, we have :

πi′(A(g) + i′j)− πi′(A(g)) > πi(A(g))− πi(A(g)− ij)
> 0.

The second inequality comes from the strict Nash property of network g. Consequently, player i′ does

not play a strict best response and g is not a strict Nash network, a contradiction.

�

By continuity, it is clear that we can build an example similar to example 4. Consequently, a strict

Nash network is not always connected.

We are now interested on the conditions which ensure to familiar architectures to be strict Nash.

The trade-off between the costs of arc formation and the losses due to long information channels is

central to an understanding of the architecture of networks in this setting. If c < α1, then player has

an incentive to directly or indirectly access everyone; hence it is a dominant strategy for a player i to

obtain unconfirmed resources from players with whom she is not connected with. Therefore a strict

Nash network is a connected network. Furthermore, α1 > c > 2−α1−α2 implies the following: if there

is some player who is linked with every other player, then all other players will form a unique arc with

her. Indeed, no player has an incentive to confirm the unconfirmed resources she obtains. Hence a star

is always a strict Nash network. The following result uses the above observations.

Proposition 11 Suppose that payoff function is given by equation 3. If c < α1, then a strict Nash

network is connected. Furthermore, (a) if α1 > c > 2 − α1 − α2, then stars are strict Nash networks,

(b) if c < min{α1, 1− α2}, then strict Nash networks are minimally confirmed networks.

24



Proof The previous observations show that c < α1 implies that strict Nash networks are connected

and part (a) of the Proposition. We now show part (b) of the proposition. Suppose c < min{α1, 1−α2}.
Minimality has been established earlier. By c < α1 we have that g is connected. Suppose that i and j

are not confirmed connected, and are minimally distance 2 apart. By c < 1−α2 we have that i prefers to

sponsor a direct link to j. Finally, suppose that ij ∈ A(g), yet i and j are not confirmed connected. As

there are at least 3 players, and g is connected, there exists some player k such that either ik ∈ A(g) or

jk ∈ A(g). Suppose w.l.o.g. that ik ∈ A(g). Then k and j are unconfirmed connected, yet at distance

2 of each other. Then by the arguments above, k would prefer to sponsor a link to j. �

4.2 Strict bilateral rational networks

Here we use the fact that strict bilateral rational networks are strict Nash networks to establish the

following corollary of Proposition 11.

Corollary 1 Suppose that payoff function is given by equation 3. If c < α1, then a strict bilateral

rational network is connected. Furthermore, (a) if α1 > c > 2 − α1 − α2, then stars are strict bilateral

rational networks, (b) if c < min{α1, 1 − α2}, then strict bilateral rational networks are minimally

confirmed networks.

4.3 Efficient networks

We now conclude our analysis with the characterization of efficient networks.

Proposition 12 Suppose that payoff function is given by equation 3. A non-empty strict efficient

network is either a star, or a minimal cycle.

Proof Suppose that g is a non-empty efficient network. First, we show that if g is acyclic, then it is a

star. Consider g|X , a component of g containing x players. Since g is acyclic and g|X is a component we

know that there are x− 1 arcs in g. Any component with x− 1 arcs, which is not a star, must have an

indirect connection which has a chain longer than 2, getting value less than 2α2. Therefore, the value of

the indirect arcs will be below (x−1)(x−2)α2, which is what we get with star. We have shown that any

component of an efficient network must be a star. We now show that g does not contain several stars.

To introduce a contradiction, suppose that there exist two separate stars, say g|X and g|X′ containing

respectively x and x′ players in g. Since g is strictly efficient the total payoff due to g|X is positive. It

follows that we have

2α1 + (x− 2)α2 − c > 0
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The total payoff obtained from g|X and g|X′ is:

2α1(x− 1) + (x− 1)(x− 2)α2 − (x− 1)c+ 2α1(x′ − 1) + (x′ − 1)(x′ − 2)α2 − (x′ − 1)c. (8)

In a single star of x+ x′ players the total payoff obtained is:

2α1(x+ x′ − 1) + (x+ x′ − 1)(x+ x′ − 2)α2 − ((x+ x′)− 1)c. (9)

The difference between equation 8 and 9 is 2(α1 − α2) + 2α2xx
′ − c. We have for x′ > 1

2(α1 − α2) + 2α2(xx′)− c ≥ 2α1 + 2α2(x(x′ − 1))− c ≥ 2α1 + 2α2x− c > 2α1 + (x− 2)α2 − c > 0.

It follows that the total payoff in a single star of x+ x′ players is higher than the total payoff obtained

from g|X and g|X′ . Consequently, g is not strictly efficient, a contradiction. Finally, it is obvious that g

cannot contain a star and an isolated player.

Second, we show that if g contains a cycle then g is a minimal cycle. The arguments are similar to those

given in the proof of Proposition 8 point 1 when we set V C = 1 and V U = α1. �

5 Conclusion

In this model of network formation we consider the need for alternate chains between the same agents in

the network. This is motivated by the desire to have more valuable information. Information obtained

from two different paths is considered to be confirmed and hence is of higher value. We characterize the

strict Nash and efficient networks in the game. Interestingly, we find that although two independent

paths may be desirable, there exist parameter ranges where equilibrium networks are non-empty and

non-connected. We see that equilibrium networks in pure strategies do not always exist in our model

without the additional restrictions. The notion of strict bilateral rational network is introduced as a

refinement in this paper. Because it takes the decisions of a pair of agents into account, this criterion

ensures that equilibrium networks are always connected. We also examine the role of decay and its

implication for confirmed information. The problem of decay under the confirmation requirement is

a hard one, and we find that definitive statements can only be made for the model of linear payoff

functions. To sum up this paper introduces the need for redundancy in networks in the absence of link

imperfections (possibility of failing links or information decay). We find a richer set of equilibrium and

efficient networks under this requirement −equilibrium architectures which may or may not involve two

independent paths between agents depend of the cost and benefit parameters.

26



Appendix

Proof of Proposition 3. We define three properties concerning the functions f1, f2 and f3.

• (P1) for all x ∈ {1, . . . , n− 1} and z ∈ {0, . . . , n− 1} we have:

f1(x) + f2(n− 1− x)− [f1(0) + f2(n− 1)] < f3(z + 1)− f3(z).

• (P2) for all x ∈ {1, . . . , n− 1}, z ∈ {0, . . . , n− 1}, with x < x′, z ≤ z′ and x′−x > z′− z, we have:

f1(x) + f2(n− 1− x′)− [f1(0) + f2(n− 1)] < f3(z′)− f3(z).

• (P3) We have for all x ∈ {0, . . . , n− 2}:

f2(x+ 1)− f2(x) > f3(x+ 1)− f3(x).

Suppose that payoff function is given by equation 1 and f1, f2, f3 satisfy P1, P2 and P3. 13 To introduce

a contradiction, suppose a minimally unconfirmed network g which is not a Nash network. It is obvious

that g is a base network where each player obtains n− 1 unconfirmed resources from others. Since g is

not a Nash network there exists a player, say i, who has a strict incentive to modify her strategy. Let Ei

be the alternative strategy chosen by player i. There exist three kinds of alternative strategies for player

i in g: (a) |Ei| = |Ai(g)|, with Ei 6= Ai(g), (b) |Ei| < |Ai(g)|, (c) |Ei| > |Ai(g)|. We deal successively

with these three cases.

(a) Suppose |Ei| = |Ai(g)|, with Ei 6= Ai(g). There are two situations which can arise concerning the

resources that player i obtains in g′ with A(g′) = Ei ∪A−i(g).

- Player i does not obtain confirmed resources in g′. Since player i obtains n− 1 unconfirmed resources

in g, she obtains a number of unconfirmed resources smaller or equal in g′ than in g. Moreover, player

i incurs the same costs in g and in g′. Consequently, player i obtains a payoff in g′ which is smaller or

equal to the payoff she obtains in g.

- Player i obtains x, x > 0, confirmed resources in g′. Since g is a base network, player i obtains in

g′ a number of unconfirmed resources equal to n − 1 − x′ with x′ > x. Moreover, player i incurs the

same costs in network g and in network g′. We conclude by P2 that πi(g
′) = f1(x) + f2(n− 1− x′) <

f1(0) + f2(n− 1) = πi(g).

To sum up, if |Ei| = |Ai(g)|, with Ei 6= Ai(g), then Ei cannot strictly improve the payoff of player i.

(b) Suppose |Ei| < |Ai(g)|. There are two situations which can arise concerning the resources that

player i obtains in g′ with A(g′) = Ei ∪A−i(g).

13Let N = {1, . . . , 9} and f1(x) = 2.1x + 3, f2(x) = 2x, and f3(x) = x. These functions satisfy P1, P2 and P3.
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- Player i does not obtain confirmed resources in g′. Since g is a base network and player i forms

|Ei| < |Ai(g)| arcs, she obtains in g′ a number of unconfirmed resources n−1−x′ with x′ ≥ |Ai(g)|−|Ei|.
By P3 and the fact that f2 and f3 are increasing, we have πi(g

′) = f1(0) + f2(n− 1− x′)− f3(|Ei|) <
f1(0) + f2(n− 1)− f3(|Ai(g)|) = πi(g).

- Player i obtains x, x > 0, confirmed resources in g′. Since g is a base network, player i obtains in g′ a

number of unconfirmed resources equal to n−1−x′, with x′ > x and x′−x > |Ai(g)|−|Ei|. Consequently,

by P2 we have πi(g
′) = f1(x) + f2(n− 1− x′)− f3(|Ei|) < f1(0) + f2(n− 1)− f3(|Ai(g)|) = πi(g).

To sum up, if |Ei| < |Ai(g)|, then Ei cannot strictly improve the payoff of player i.

(c) Suppose |Ei| > |Ai(g)|. There are two situations which can arise concerning the resources that player

i obtains in g′ with A(g′) = Ei ∪A−i(g).

- Player i does not obtain confirmed resources in g′. Player i does not obtain more unconfirmed resources

in network g′ than in network g. Moreover, player i incurs higher costs in g′ than in g. Consequently,

Ei does not improve the payoff of player i.

- Player i obtains x, x > 0, confirmed resources in g′. Since player i obtains n−1 unconfirmed resources

in g, she obtains at most n−1−x unconfirmed resources in g′. By P1 and the fact that f3 is increasing,

we have πi(g
′) = f1(x) + f2(n− 1− x)− f3(|Ei|) < f1(0) + f2(n− 1)− f3(|Ai(g)|) = πi(g).

To sum up, if |Ei| > |Ai(g)|, then Ei cannot strictly improve the payoff of player i. It follows that

there does not exist any alternative strategy which allows to strictly improve the payoff of player i, a

contradiction. �

Proof of Lemma 2. Let g be a strict Nash network and let X be a MECS in g. Suppose i ∈ X,

j 6∈ X. We prove successively the three parts of the Lemma.

1. To introduce a contradiction suppose there is k ∈ X such that ki ∈ A(g). By construction, player k

does not obtain confirmed resources from player j otherwise X is not a MECS. If player k replaces

the arc ki by the arc kj, she increases the number of confirmed resources by 1, and decreases the

number of unconfirmed resources by 1. Therefore, player k does not play a strict best response in

g by Assumption (A1) and g is not a strict Nash network, a contradiction.

2. To introduce a contradiction suppose that ji ∈ A(g). Since i ∈ X, there is a player k such that

k ∈ X. If player j /∈ X replaces the arc ji by jk, then she obtains the same payoff as in g.

Consequently, j does not play a strict best response in g and g is not a strict Nash network, a

contradiction.

3. To introduce a contradiction, suppose that there is a player j′ ∈ Vj(g) \ {i}. Clearly, there is no

other chain between i and j′ in g than the chain i, ij, j, otherwise i ∈M(g) which is impossible by

Lemma 1. Consequently, if player i replaces the arc ij by the arc ij′, then she obtains the same

payoff as in g. It follows that i does not play a strict best response in g and g is not a strict Nash

network, a contradiction.
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Proof of Lemma 3. Let g be a strict Nash network. Let X be a MECS of g and let i be a bridge

player who belongs to X. Suppose player i sponsors an arc with a player k 6∈ X, then i has sponsored

all the arcs in which she is involved by Lemma 2 (a).

Suppose now that player i is not linked with a player k 6∈ X. To introduce a contradiction, suppose i

does not sponsor all her arcs. Then there are three distinct players, say j, j1 and j2 in X, such that ij,

ij1, ij2 ∈ A(g), where at least one of these arcs is not sponsored by player i. Without loss of generality

we suppose that ji ∈ A(g). We will show that player j has an incentive to replace the arc ji by the arc

jj1. Let g′ be the network such that A(g′) = A(g) + jj1 − ji.
First, we show that NC

j (A(g)) ⊂ NC
j (A(g′)). To establish this result, (i) we first show that if k ∈

NC
j (A(g)) \ NC

j (A(g′)), then there is a chain between j and k which does not contain any player

j′ ∈ Vi(g) \ {j}. (ii) Then, we establish that in such a case, there are two independent chains between

j and k in g′ which contradicts the assumption concerning the existence of a player k who belongs to

NC
j (A(g)) \NC

j (A(g′)).

(i) Suppose k ∈ NC
j (A(g)) \NC

j (A(g′)). Then, the resources of k are confirmed in g by player j thanks

to a chain, say C1
j,k(g), which contains player i. This chain also contains a player, say j1 ∈ Vi(g) \ {j}.

We establish that there is a chain between j and k in g independent from C1
j,k(g), say C2

j,k(g), which

does not contain any player j′ ∈ Vi(g) \ {j}. To introduce a contradiction, suppose that such a chain

does not exist, that is C2
j,k(g) contains a player, say j2 ∈ Vi(g) \ {j, j1}. In such a situation, players i,

j1, k, j2, and j belong to a cycle in g. It follows that player i (or player j2) has no incentive to maintain

the arc ij2 (or the arc j2i) in g and g is not a strict Nash network, a contradiction.

To sum up, we know that (a) there is a chain C2
j,k(g) which does not contain any player j′ ∈ Vi(g) \{j},

(b) the chain C1
j,k(g) contains player i, and (c) C1

j,k(g) and C2
j,k(g) are independent.

(ii) We now show that there are two independent chains between j and k in g′. There are two cases:

either C1
j,k(g) contains player j1, or C1

j,k(g) does not contain player j1. If C1
j,k(g) contains player j1:

C1
j,k(g) = j, ji, i, ij1, j1, . . . , k in g, then there is a chain between j and k in g′: C1

j,k(g′) = j, jj1, j1, . . . , k

in g′. Clearly, C1
j,k(g′) and C2

j,k(g) are independent, so k ∈ NC
j (g′), that is k /∈ NC

j (g) \ NC
j (g′):

a contradiction. If C1
j,k(g) does not contain player j1, then it contains a player, say j2, in Vi(g):

C1
j,k(g) = j, ji, i, ij2, j2, . . . , k in g. In such a case, there is a chain between k and j in g′: C1′

j,k(g′) =

j, jj1, j1, j1i, i, ij2, j2 . . . , k. C1′

j,k(g′) and C2
j,k(g) are independent since j2 ∈ Vi(g), and so j2 6∈ C2

j,k(g).

Consequently, k ∈ NC
j (A(g′)), that is k /∈ NC

j (g) \NC
j (g′): a contradiction.

Second, since ij1 ∈ A(g) ∩A(g′), we have NU
j (A(g)) ⊂ NU

j (A(g′)).

Third, as the costs of each arc are the same, this implies that j is indifferent between sponsoring ji and

jj1. Since NC
j (A(g)) ⊂ NC

j (A(g′)), it follows that player j does not play a strict best response in g.

This concludes the proof. �
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Proof of Lemma 4. Let g be a non empty strict Nash network which contains a MECS X. To

introduce a contradiction suppose that a bridge player i ∈ X is linked with j 6∈ X. Since i belongs to

a MECS, there exist i1 and i2 such that ii1, i2i1 ∈ A(g). By Lemma 2, Vj(g) = {i}, ij ∈ A(g) and

ii1 ∈ A(g). Let K be the number of resources of unconfirmed players that each player who belongs to

X obtains in g. Since g is a strict Nash network player j has no incentive to form an arc with player i1.

It follows that

πj(A(g)) = f1(0) + f2(|X|+K − 1)− f3(0) > f1(|X|) + f2(K − 1)− f3(1) = πj(A(g) + ji1) (10)

There are two cases: either i1i2 ∈ A(g), or i2i1 ∈ A(g). We deal successively with the two cases.

1. Suppose i1i2 ∈ A(g). Player i1 cannot sponsor more than one arc otherwise she is a bridge player

and she cannot receive an arc from player i by Lemma 3.

Since g is a strict Nash network, player i1 has no incentive to remove her arc. We have:

πi1(A(g)) = f1(|X|−1) +f2(K)−f3(1) > f1(0) +f2(|X|+K−1)−f3(0) = πj(A(g)− i1i2). (11)

Due to A1, inequalities 10 and 11 are not compatible, a contradiction.

2. Suppose i2i1 ∈ A(g). There are two situations.

• Suppose that |Vi1 | = 2, that is Vi1 = {i, i2}. Then, we have:

πi2(A(g)) = f1(|X| − 1) + f2(K)− f3(|Ai2 |) = πi2(A(g)− i2i1 + i2j). (12)

Consequently, player i2 does not play a strict best response and g is not a strict Nash network, a

contradiction.

• Suppose that|Vi1 | > 2. Then, player i1 is a bridge player and she cannot receive any arc by

Lemma 3, a contradiction.

�

Proof of Lemma 5. Let g be a non-empty strict Nash network.

1. First, we consider situations where g contains no wheel. To introduce a contradiction suppose that

g is not connected. There are two situations, (i) either g contains no cycle, or (ii) g contains a

cycle (which is not a wheel).

(i) Suppose g contains no cycle. Since g is non-empty, there are two players i and j such that

ij ∈ A(g). Since g is not connected there are players ` ∈ N \ {i} such that ` /∈ NU
i (A(g)). Either

(i.a) |A`(g)| = 0 for all ` /∈ NU
i (A(g)), or (i.b) there exists a player ` /∈ NU

i (A(g)) such that

|A`(g)| > 0.
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(i.a) Suppose |A`(g)| = 0 for all ` /∈ NU
i (A(g)), that is, players ` /∈ NU

i (A(g)) are isolated players

in g. Then there are two cases: πi(Ai(g), A−i(g)) ≤ π`(A`(g), A−`(g)) or πi(Ai(g), A−i(g)) ≥
π`(A`(g), A−`(g)). In the first case, player i has an incentive to remove all her arcs and g is

not a strict Nash network. In the second case, let network g′ be such that A`(g
′) = {`i} and

Aj(g
′) = Aj(g) for all j ∈ N \ {`}. We have π`(A(g′)) = f1(0) + f2(|NU

i (A(g)) + 1|) − f3(1) >

f1(0) + f2(|NU
i (A(g))|) − f3(1) ≥ f1(0) + f2(|NU

i (A(g))|)) − f3(|(Ai(g)|) = πi(A(g)) ≥ π`(A(g)).

Consequently, player ` does not play a strict best response and g is not a strict Nash network.

(i.b) Suppose there is a player ` /∈ NU
i (A(g)) such that |A`(g)| > 0. Since g contains no cycle

there exist a player i′, with i ∈ NU
i′ (g), and a player `′, with ` ∈ N`′(g), who receive no arcs

in g. In the following we deal with players i′ and `′. Wlog suppose that πi′(Ai′(g), A−i′(g)) ≥
π`′(A`′(g), A−`′(g)). By the same reasoning as in the second case of point (i.a) above, we can

check that player `′ does not play a strict best response and g is not a strict Nash network.

(ii) Suppose g contains a cycle (which is not a wheel). Since there is a cycle, there is a MECS,

say X. Moreover, since g contains no wheel, the considered cycle contains a player, say i, who has

formed arcs with at least two players. By Lemma 3, i receives no arcs. Since g is not connected

there is a player ` ∈ N \{i} such that i and ` are not connected in g. Either (ii.a) |A`(g)| = 0 for all

` /∈ Ni(A(g)), where Ni(A(g)) = NU
i (A(g))∪NC

i (A(g)), or (ii.b) there exists players ` /∈ Ni(A(g))

such that |A`(g)| > 0.

(ii.a) |A`(g)| = 0 for all ` /∈ Ni(A(g)). By the same type of reasoning as in point (i.a) above we

can check that player i or each player ` /∈ Ni(A(g)) do not play a strict best response and g is not

a strict Nash network.

(ii.b) Suppose there exists players ` /∈ Ni(A(g)) such that |A`(g)| > 0. Either some of these players

belong to a cycle (ii.b.1), or none of them belongs to a cycle (ii.b.2).

(ii.b.1) Suppose there exists players ` /∈ Ni(A(g)) such that |A`(g)| > 0 who belong to a cycle. In

such a case, we choose a player ` who is not connected with i in g, who belongs to a cycle and who

has formed arcs with at least two players. Note that ` receives no arcs by Lemma 3. Suppose wlog

that πi(A(g)) ≥ π`(A(g)). Let g′′ be the network such that A`(g
′′) = Ai(g) and Aj(g

′′) = Aj(g)

for all j ∈ N \ {`}. We have π`(A(g′′)) = f1(|NC
i (A(g))| + 1) + f2(|NU

i (A(g))|) − f3(|Ai(g)|) >
f1(|NC

i (A(g))|) + f2(|NU
i (A(g))|) − f3(|Ai(g)|) = πi(A(g)) ≥ π`(A(g)), hence player ` does not

play a strict best response, and g is not a strict Nash network.

(ii.b.2) Suppose now that no player `, ` /∈ Ni(A(g)) and |A`(g)| > 0, belongs to a cycle. We

consider such a player `. If πi(A(g)) ≥ π`(A(g)), then by the same reasoning as in the case (ii.b.1),

we can check that player ` does not play a strict best response and g is not a strict Nash network.

If πi(A(g)) ≤ π`(A(g)), then by the same reasoning as in the second case of point (i.a) above, we

can check that player i does not play a strict best response and g is not a strict Nash network.
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2. Secondly, consider situations where g contains wheels. In such a case, we focus on g|N\W
. More

precisely, we use the same arguments as in the previous point to obtain the result.

�

Proof of Lemma 7. Let g be a non-empty strict bilateral rational network. To introduce a contradic-

tion, suppose that g is not connected.

First, suppose that g is acyclic. By Lemma 6, there exist two players, say i and j such that ij ∈ A(g)

and Vj(g) = {i}. Suppose that player ` is not connected with player i in g. Let g′ be the network where

player i replaces the arc ij by the arc i`, that is A(g′) = A(g) + i`− ij. We have: πi(A(g)) ≤ πi(A(g′))

and π`(A(g)) < π`(A(g′)), the former inequality comes from the fact that player ` can be a non-isolated

player. Consequently, g is not strict bilateral rational network, a contradiction.

Second, suppose that g contains a MECS, say X1(g), such that players i and j are member of X1(g)

and ij ∈ A(g). Since g is not connected, there exists a player ` who does not obtain any resources from

player i. We show that player ` is not an isolated player. Indeed, if ` is an isolated player, then we have

either π`(A(g)) ≥ πi(A(g)), or π`(A(g)) < πi(A(g)). Suppose π`(A(g)) ≥ πi(A(g)). Then, g is not

a strict bilateral rational network since player i should remove all her arcs to improve her payoff (this

strategy will not modify the payoff of player `). Suppose π`(A(g)) < πi(A(g)). Let g′ be the network

such that A(g′) = A(g) + i`+ `j − ij. In g′ player i obtains a higher payoff than in g since she obtains

an additional confirmed resource. Moreover, we have π`(A(g′)) = πi(A(g′)) > πi(A(g)) > π`(A(g)),

and g is not a strict bilateral rational network.

Since ` is not an isolated player, (i) either player ` belongs to a MECS, (ii) or she belongs to an acyclic

component. (i) Suppose player ` belongs to a MECS, say X2(g). Then there exist two players in X2(g),

say i′ and j′ such that i′j′ ∈ A(g). We consider the network g′ such that A(g′) = A(g)+ij′+i′j−ij−i′j′.
In g′, players i and i′ obtain confirmed resources from all players who belong to X1(g) ∪ X2(g) and

incur the same costs as in g. Consequently, we have: πi(A(g′)) − πi(A(g)) ≥ f1(|X1(g)| + |X2(g)|) −
f1(|X1(g)|) > 0 and πi′(A(g′))− πi′(A(g)) ≥ f1(|X1(g)|+ |X2(g)|)− f1(|X2(g)|) > 0. The inequalities

come from the fact that f1 is increasing. Consequently, g is not a strict bilateral rational network, a con-

tradiction. (ii) Suppose player ` belongs to an acyclic component. Then by Lemma 6, player ` belongs

to an inward pointing star. We consider the player who sponsors the arcs in this inward pointing star,

say `0. This player has formed an arc in g with a player, say `1, such that V`1 = {`0}. Since f2 is an in-

creasing function and the cycle contains at least three players, we have: π`(A(g)+`0i−`0`1) > π`(A(g))

and πi(A(g) + `0i − `0`1) > πi(A(g)). Consequently, g is not a strict bilateral rational network, a

contradiction. �
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