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Abstract

This paper presents analytical and numerical evidence concerning out of sample tests of causality. The
relevant environment is one in which the relative predictive ability of two nested parametric regression models
is of interest. Results are provided for three statistics: a regression-based statistic suggested by Morgan (1939)
and Granger and Newbold (1977), a t-type statistic commonly attributed to either West (1996) or Diebold and
Mariano (1995) and an F-type statistic akin to Theil's U. Since the limiting distributions under the null are
nonstandard, tables of asymptotically valid critical values are provided. The null distributions indicate that
overfit models should predict poorly and that the Principle of Parsimony should be applied judiciously. Power
calculations under a local alternative provide some guidance on the choice of test statistic and the percentage of

the sample withheld for predictive evaluation.
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1. Introduction

Evaluating a time series models' ability to forecast is one method of determining its usefulness. Tegene and
Kuchler (1994), Swanson and White (1995), Huh (1996), Diebold and Kilian (1997) and Sullivan, Timmermann
and White (1998) are just a few examples of applications that have determined the appropriateness of a model
based on its ability to predict Out-Of-Sample (OOS). When using this methodology a model is determined to
be valuable if the resulting forecast errors are deemed small relative to some metric or loss function. Typically
this loss function is mean squared error (MSE) though others such as mean absolute error (MAE) and
directional accuracy have been used by Leitch and Tanner (1991) and Breen, Glosten and Jagannathan (1989)
respectively. This OOS methodology is in contrast tattomdl methods (like the classical F-test reported by
most statistical software) that determine quality of the predictive model based on its ability to replicate or "fit"
the same realizations used to estimate the model.

This paper contributes to recent work on analytical results for OOS model evaluation, most notably that of
West (1996), by providing asymptotic results for OOS tests comparing the predidttyeoftwo nested
models when parameters are estimated. | provide the limiting distribution theory for three commonly used tests
that compare the OOS predictive ability of two nested models: a regression-based test for equal MSE proposed
by Morgan (1939) and Granger and Newbold (1977), a similar t-type test commonly attributed to either West
(1996) or Diebold and Mariano (1995), and an F-type test similar in spirit to Theil's U (1966) but perhaps closer
to in-sample likelihood ratio tests. Since the asymptotics of the former two tests are identical | will frequently
reference them simultaneously as "OOS-t" and will reference the latter as the "OOS-F" test.

The limiting distributions of both the OOS-t and OOS-F tests are non-standard. Each ciietvasvr
functions of stochastic integrals of quadratics of Brownian Motion. The distributions bear some resemblance to
those derived by Andrews (1993), in the context of testing for changepoints in the regression function, but are
distinct. Tables are provided in order to facilitate the use of these distributions. Furthermore, since the limiting
distributions do not lie within any well-known class of distributions it is unclear how well the statistics perform
in terms of power. | therefore provide a limited collection of results on the power of these tests. This
information is comprised of analytical results under a local alternative, as well as tables containing numerical
calculations of the power under the local alternative.

There are a number of interesting implications of both the asymptotics under the null and under the local
alternative. First and foremost the asymptotics under the null (along with the tables) provide a simple method
of constructing asymptotically valid tests@OS predictive abty between two nested models. One useful
result of this theory is that | am able to show that the test statistics are asymptotically pivotal. This implies that
for large enough sample sizes the bootstrap provides a refinement to first order asymg@ihtit89e). The
null asymptotics also have implications for the Principle of Parsimony and overfitting (Tukey 1961, and Box
and Jenkins 1976) when OOS predictivéitylis the objective. Assuming for the moment that the predictive
model is linear, we know that the more irrelevant regressors used the greater is the in-sample predictive ability.
The results of this paper show that OOS quite the contrary is true. OOS thaelipydbabthe unrestricted



model has lower predictive ability than the restricted model is increasing in the number of irrelevant regressors.
This result is particularly intriguing in the context of comparing the predictive ability of the random walk and
economic models of asset movements. Meese and Rogoff (1983, 1988), Wolff (1987), Chinn and Meese (1995)
and Berkowitz and Giorgianni (1996) are just a few examples of such horse races. Finally the local alternative
results indicate that the choice of sample split and the number of extraneous parameters in the unrestricted
model jointly determine whether the OOS-t or OOS-F test is more powerful. When the post-sample size is
small relative to the in-sample size and the number of extraneous parameters is small the OOS-F tends to be
more powerful. As more of the sample is used for post-sample evaluation and the number of extraneous
parameters increase the OOS-t tends to be more powerful. The choitienaf epmple split is less clear and

is left to section 4.

The remainder of the paper will proceed as follows. Section two introduces the OOS methodology and
provides a brief literature review. The review focuses on uses 6f@gemethodology to date and potential
applications of the results contained in this paper. Section three, and its subsections, provide notation,
assumptions, theorems and corollaries regarding the null asymptotics. In section four | provide a limited set of
results regarding the power of both the OOS-t and OOS-F tests under a sequence of local alternatives. Section

five concludes and suggests directions for future research. All proofs are presented within the appendix.

2. Literature Review

Recent work by West (1996) has shown how to construct asymptoticallyO@ldtests of predictive
ability. He provides conditions under which t-type statistics will be asymptotically standard normal. These
conditions extend and clarify previous analytical workadDS hypothesis testing made by Mincer and
Zarnowitz (1969), Chong and Hendry (1986), Hoffman and Pagan (1989), Fair and Shiller (1989, 1990),
Mizrach (1991) and Diebold and Mariano (1995).

More recent work on OOS hypothesis testing has also developed. Corradi, Swanson én¢1O4gg
extend previous work to allow for the comparison of non-nested models in the presence of cointegration.
McCracken (1998a) provides analytical results for constructing OOS tests when the test involves non-smooth
functions such as the indicator or absolute value function. Harvey, Leybourne and Newbold (1997) construct
tests of equal predictive ability in the presence of ARCH. Diebold, Gunther and Tay (1997) discuss the
evaluation of density forecasts. White (1998) shows how to usmthstrap to compensate for data-snooping
biases when comparing the predictive ability of a large number of models. Sanchez (1998) tests for unit roots
using OOS forecast errors.

One test that is considered by several of the aforementioned authors is whether two models have the same
predictive ability with respect to some loss function L(.). Diebold and Mariano (1995) suggest a test of the

form

(2.1) posQ 05 Yi=r[L (O 4q) = L(02040)]



whereQ denotes an estimate of the limiting variancéot® StrlL(Oy41) ~L(0540)] , T+1=P+R,Pis

the number of OOS obserions and R is the number of observations used to construct the first forggast.

i = 1,2 is the forecast error observed at time t+1 associated with a forecast from time t. Each forecast is
constructed usinﬁi,t an estimator of the parameters associated with each model. West shows that the test

statistic in (2.1) can be asymptotically standard normal. For this to be true however, some conditions must hold.
One condition is that the estimates of the limiting variafd;enust be appropriately constructed. The

estimated limiting variance should not only account for sample variation, heteroskedasticity and serial

correlation but also for the fact that forecasts are typically made using parametric models for which the

parameters are unknown. If the parameters are estimated using the random data then they too are random and

contribute to the limiting variante Formulas for the correct limiting variance are provided. The correct

limiting variance is sometimes complicated but West and McCracken (1998) show tha@@ngsts can be

conveniently constructed using regression-based tests. These artificial regressions are similar to in-sample

diagnostic tests suggested by Pagan and Hall (1983), Davidson and MacKinnon (1984) and Wooldridge (1990).

Unfortunately it is easy to overlook the most crucial condition for limiting normality. For the OOS t-tests

to be limiting standard norm@&l must be positive. 1 is zero thenP™° S t=r[L(Oy41) = L(Op040)] — p 0.

The problem is more pronounced when we look back at (2.1). This O@&tictnvolvesQ °° as well.

Using results in West (1996), we know theat converges in probability to zero whén= 0. If we put the two
items together it is unclear whether the OOS-t statistic is degenerate, divergent or boundedilityprdldaht
is clear is that the limiting distribution will not be standard normal.

This last problem may seem unlikely but indeed it is quite common. Using results in West (1996) one can
easily show tha® equals zero if the two parametric models are nested rather than non-nested. This has serious
implications for OOS tests of causality and market efficiency for which the relevant models are inherently
nested.

For example, in testing for a causal relationship between aggregate advertising expenditure and aggregate
consumption expenditure Ashley, Granger and Schmalensee (1980) construct an OOS-t statistic similar to that
in (2.1). Using a method suggested by Morgan (1939) and Granger and Newbold (1977) they test the null that
advertising causes consumption using the t-statistic (and standard normal tables) associaidcbmittine

artificial OLS regression

(2.2)  Uppag —Uppg =0 + 0 (Up g + Uy e ) + error term.

In (2.2) U, 4 is the one-step ahead forecast error from an autoregressive model for aggregate consumption and
U, .4 Is the one-step ahead forecast error from a bivariate autoregressive model for both aggregate

consumption and aggregate advertising. Ashley (1981) uses similar methods to test for causality between the

! See Randles (1982) for the in-sample analog.



consumer price index and its dispersion across different consumption categories. Park (1990) tests for causal
relationships in cattle markets using (2.2).

There are also a number of potential applications to tests for the predictability of asset returns and more
generally for tests of market efficiency. If the null is that asset returns form a martingale difference sequence
(mds) then any parametric model for asset returns nests the null model (i.e. a constant zero conditional mean
function) within it. For example Mark (1995) constructs OOS-t statistics of the form (2.1) to test the null that
changes in exchange rates are unpredictable. If this is the case then the MSE using the null zero conditional
mean model should equal the MSE using a linear model that depends upon certain fundamentals. Killian (1997)
constructs similar tests but under the null that changes in exchange rates form an mds around a nonzero
unconditional mean. It should be mentioned that Mark (1995), Killian (1997) and Berkowitz and Giorgianni
(1996) all use thbootstrap when conducting their hypothesis tests in these Long-Horizon regressions and do
not reference standard normal tables per se. However, the reason they use the bootstrap is that they are
concerned about finite sample size distortions relative to the (claimed) limiting standard normal distribution of
(2.1). Theresults in section 3 of this paper indicate that those distortions may also be due to the fact that the
limiting distribution is not standard normal nor is well approximated by a standard normal distribution.

In this paper | focus on constructing asymptotically v&lidS sample tests that compare the predictability
of two nested parametric models. As mentioned in the introduction | focus on three different statistics. The
first two, those from (2.1) and (2.2), are OOS-t statistics. The third is an OOS-F statistic of the form

o (P 5 La L () ~ (P 5 La Ll (@z100))
- .

(2.3)

In (2.3), ¢ converges in probability to a certain normalizing constant c. For the moment it suffices to focus on
the most useful case in whiéhe Py 1505, and0?.; =L(0; )i =1,2. Asin the descriptions of (2.1)

and (2.2) | will denote the restricted model as i = 1 and the unrestricted model as i = 2.

The OOS-F statistic is not generally used in the form (2.3). For example, Leitch and Tanner (1991) simply
report Theil's U without providing any formal test that the unrestricted model has a lower MSE than the random
walk. Others, including Mark and Sul (1998) and Ashley (1998) test the null of equal MSE by bootstrapping
the ratio of the restricted MSE to the unrestricted MSE. Another group including Urbain (1989), Pesaran and
Timmermann (1995) and Swanson and White (1997a) have tested for equal predictive ability using model
selection criteria. In this last case a statistic similar to (2.3) is constructed but includes penalty terms like those
associated with well known information criteria (e.g. AIC, SBC, Hannan-Quinn, etc). See section 3.5 for a
discussion of penalty terms in the context of the Principle of Parsimony and its relationship to OOS predictive
ability.

| choose to introduce the OOS-F for a number of reasons. It is essentially identical to Theil's U when the
null model is a random walk but allows for a wider range of nested parameterizations. Also, given the limiting

distribution results in section 3 there does not seem to be any need to include penalty terms; The OOS MSE is



not decreasing in the number of extraneous parameters as is the case in-sample. Finally it seems natural to use

the OOS-F because it is a direct analog to the in sample F-test.

3. Theoretical Results

In this section | derive the limiting distributions of both the OOS-t tests in (2.1) and (2.2) and the OOS-F
testin (2.3). 1 do so in five subsections. Section 3.1 presents the basic environment while section 3.2 presents
the assumptions needed for the results in section 3.3. In section 3.3 | present the limiting distribution of the
OO0S-t and OOS-F tests first allowing a wide range of likelihood-type loss functions to measure predictive
ability. In section 3.4 | specialize the results to the leading case in which parameters are estimated by NLLS
and MSE is used to measure predictive ability. Since these distributions are nonstandard | then provide tables
of critical values that can be used to construct an asymptotically valid test for equal predictive ability. In
section 3.5 | provide a discussion of the results in sections 3.3 and 3.4 in the context of the Principle of
Parsimony. Specifically | show that the traditional in-sample application of the Principle of Parsimony is not

necessarily appropriate if OOS predictivdliabis the relevant metric for a model to be deemed of value.

3.1 Environment

Throughout it will be assumed that there is an observed random s@ﬁ;@ﬂéﬁ of Iength? =T+1.

Using that sample the researcher wishes to compare the OOS one-step ahead predictive ability of two nested
parametric regression models. This structure allows for most relevant applications including those discussed in
section 2. It does eliminate applications, like that of Diebold and Nason (1990), that use either kernel-based
methods or local-regressions to nonparametrically estimate the regression function and construct forecasts. It
also eliminates applications, like Swanson and White (1997b), that use series-based nonparametric methods to
estimate the regression function and construct forecasts.

The focus on one-step ahead forecasts rathentheap ¢ > 1) is both substantive and for purposes of
clarity. By limiting the discussion exclusively to one-step ahead forecasts | am able to derive results for a wide
range of potential loss functions used to measure predictive ability. Clark and McCracken (1999) are able to
derive results for longer horizons but under the restriction that MSE is the relevant measure of predictive ability
and the nested models are (vector) autoregressive.

Given the pair of nested parametric regression models, | will allow for three methods of constructing the
sequence of P, one-step ahead, forecasts. | will refer to these as the recursive, the rolling and the fixed sampling
schemes. Within each of these schemes an initial in-sample portion of the data, of length R, is used to select the
two nested models and estimate their respective model parameters. Using the chosen model and the estimated
parameters a sequence of P one-step ahead forecasts is then generated. For more discussion on the use of these
three schemes see West (1996), West and McCracken (1998) and McCracken (1998a). A brief description is

given below.



Pagan and Schwert (1990) use the recursive sampling scheme. Under this scheme a sequence of parametric

forecasts is generated with updated parameter estimates. Specifically, at each timet = R,..., T the parameter

estimate[:%t depends explicitly on all information from s =1,...,t. If OLS is used to estimate the parameters
from a linear model with regressorsahd predictandgthen B, = (t 5., Z.Z) H(t ™y, Z.y,). The first
forecast for models i = 1,2 is then of the fofmﬂ([gi,R . The resulting forecast error is constructediasg,;

= VYR~ 9R+1(f3i’R ). For some loss function L(.) the loss associated with the first forecast is constructed as

L(Yra —9R+1(f3i,R)) and will usually be denoted a§,R+1([§i,R . Yhe second 1‘orecas>§tR+2(f%i,RJr1 i$

constructed similarly using observations s = 1,...,R+1. The forecast error and loss associated with the second
forecast is constructed as for the first forecast. This process is iterated P times so that fofRadh the
parameter estimates are based upon all datfl st].

Chen and Swanson (1996) use the rolling sampling scheme. Under this scheme a sequence of parametric
forecasts, forecast errors and losses are constructed in much the same way as the recursive scheme. What
distinguishes the rolling from the recursive is its treatment of observations from the distant past. The rolling
scheme uses only a fixed window of the past R observations. Hence as t increases from R to T, older
observations are not used in estimating the parameters. If OLS is used to estimate the parameters using

regressors Zand predictandsthen B, = (R™ YL, rnZZ) *(RSL riuZYs). Thisimplies that the first
rolling forecast,;“/Rﬂ([:%LR ) forecast error and loss are identical to those for the recursive. The second rolling

forecast,;“/mz([:%i,R+1 ) is constructed using only observations s = 2,...,R+1 to estimate the model parameters.

This implies that the second rolling forecast, forecast error and loss are distinct from those using the recursive
scheme. The process is iterated P times such that for édéh ] the parameter estimates are based upon all
datad][t-R+1,1].

Hoffman and Pagan (1989) introduce the fixed scheme. This method is distinct from the previous two in
that the parameters are not updated with the introduction of new observations. Although this method may seem
inefficient it is frequently used when the computational burden is large such as when artificial neural networks

are used to form forecasts (Kuan and Liu, 1995). Since the parameter vector is estimated only once each of the

P forecasts;“/tﬂ([:’ui,R )Juses the same parameter estimalicOLS is used to estimate the parameters using

regressors Zand predictandgthen, = (R™*5%,Z2. Z.)*(R™yR,Z.y.). Hence for each one-step ahead

forecast from time [ [R, T], the parameter estimate is based only upon datd sR].
Using each of the two series of subsequent forecast errors, one from the nesting model and one from the
nested model, a test statistic of the form in either (2.1), (2.2) or (2.3) is constructed. Based upon the value of

2 Notice that the fixed and rolling parameter estimates should be subscripted both by t and R. In order to
simplify the notation the subscript R will be suppressed.



this statistic one either fails to reject or rejects the null of equal predictive ability. The null and alternative can

be stated as

(3.1.1) Hy ELy(Br) =EL, (B3) vs. Hhi ELy (B) > EL,, (B).

This test is different than those discussed in both West (1996) and Diebold and Mariano (1995). The alternative

is one-sided rather than two sided due to the fact that the two models are nested by construction.
3.2 Assumptions

Before discussing specific assumptions some notation is required. For any fupgdgon that dgpends

upon a parametd; let f,, denotef, ([31 )andf, denotef,, (B*2 )} For the loss functiot; . (B; et h; ((B;)

2

denote% Li+(B;) andq;(B; ) denote -L;(B;). For any matrix A with elements; et |A| denote

i i i
max|a;; |. For any (mn) matrix A with column vectors &t vec(A) denote the (1) vector
i
[ag,8,,...,a,] .
Without loss of generality leB, = (B51,B%,) = (B21,0) =(B,,0) . Define a selection matrix=)
(e, Ok, ) (Kaxk, k> k). Since the two models are nested we then knowtthdf; = L), (83) = L,

Jh=handJgJd =q,forallt.

The following assumptions are not intended to be necessary and sufficient, only sufficient.

Assumption 1: The parameter vect@isand [3*2 are estimated using the aggregate loss function@,) and
NoyB2). Fori=1,2,andt=R,...., N:(B) = t‘lz}=1 Li;(B;) for the recursive schem&;(B;) =

RS} —reaLij (B;) for the rolling scheme anti () = R™ 3R, L (B;) for the fixed scheme.

This first assumption provides us with two pieces of infaiiam. Analytically it tells us that the parameter
estimates are of the forﬁﬂu = argmin/\y (3;) and éz,t = argmin/\,B.). This allows for both linear and

nonlinear models estimated by OLS, NLLS and maximum likelihood. The substantive part of the first

assumption is that | require that the loss function used to estimate the parameters is the same as the loss function
used to measure predictive accuracy. An implication of the assumption is that if | want to use MSE as my
measure of OOS predictiveility then | must estimate the parameters using OLS, NLLS or maximum

likelihood under the additional assumption that the disturbances are normal. One benefit of Assumption 1 is

that it otherwise does not place a restriction on what loss functions | choose to work with. For example if |

estimate the parameters by maximizing a log-likelihood and then | use that log-likelihood as the measure of



predictive ability the limiting distribution is essentially the same as if | had estimated the model by OLS and
used MSE as my measure of predictive aBility

| impose this restriction in order to insure that the test statistics are asymptotically pivotal. Weiss and
Andersen (1984) and Weiss (1996) have also noted important links between the way in which the parameters
were estimated and the measure of predictive ability. They note that relative to a given loss function, OOS
predictive ability is enhanced if the same loss function is used to estimate parameters rather than using some

other means of estimating the parameters.

Assumption 2: For i = 1,2, (d); UJO; , ©; compact, (b) EL (B;) is uniquely minimized aBi* 00O, with Eq;,
nonsingular, (c) In some open neighborhooamundﬁ: , and with probability oné.; , (B; )s twice
continuously differentiable, admitting a mean value expansion

Lie(Bi) =L (Bi)+hi (B —B)+(05)(B; —B;)'di (BB —B;)
for someBi on the line betweef}; and [3: , (d) In the open neighborhood, ldnd for all t there exists a
positive constant and a positive random variable, such thaf q; , (B;) —q; B)|<m, |B; -B; [* with

Em <wand¢ <co, (€) sup|A;(B;) —EL; (Bi)| ~as O

\De\

Most of Assumption 2 is imposed in order to insure that the parameters are identified and are consistently
estimated. It is directly comparable to Theorem (2.1) of Newey and McFadden (1994). The substantive
component of this assumption is the requirement that the loss function be twice continuously differentiable.
This allows for MSE and many log-likelihood type measures of predictive ability but eliminates applications,
like that of Weiss and Andersen (1984), that estimate the parameters using LAD and then use MAE as the

measure of predictive ability.

Assumption 3: LetU, =[h,,veqh,h, —cB™) ,veqq, -B™)]. (@) EY=0, (b) Yis uniformly L® bounded,

(c) For some 8 > d > 2,;lis strong mixing with coefficients of siz—é%, (d) TIim T"lEijzlujl_J'j =Q <o,

There are two ways in which this assumption differs from those presented in previous work on OOS
hypothesis testing. The first is that | impose slightly stronger mixing and moment conditions than those in, for
example, McCracken (1998a). This is a result of the fact that the models here are nested. If the models are
non-nested then the OOS-t statistics in (2.1) and (2.2) will be asynaijositandard normal and hence one
needs to make assumptions sufficient for the application of a central limit theorem. West (1996) and West and
McCracken (1998) use a CLT derived by Wooldridge and White (1989). In this paper the limiting distributions
are comprised of functions of stochastic integrals of quadratics of Brownian motion. Hence | require conditions

sufficient for the joint weak convergence of partial sums and the averages of these partial sums to Brownian

3 See the discussion in section 3.4.



motion and integrals of these Brownian motion. Hansen (1992) provides sufficient conditions for just such a
situation. The details of Assumption 3 above are directly comparable to those for Theorems (2.1) and (3.1) in
Hansen (1992).

The second manner in which this assumption differs from previous work on OOS hypothesis testing is that
| impose mixing and moment conditions on the first derivativerd second derivative,, @f the loss function
used to measure predictive ability. In West (1996), McCracken (1998a) and Corradi, Swanson and Olivetti
(1998) it is sufficient to place conditions on the leveland the first derivative,hof the loss function used to
measure predictive ability. It is instructive to see why this distinctioadessary.

Suppose that one is interested in testing for equal predictive ability between two linear parametric

regression models, with stationary regressors and disturbances, using MSE as the measure of predictive ability.
Let the parameter; from the two models/, = Z;,t[3i* +U;, be estimated by OLS. For the sake of argument
suppose that the parameter estimates are generated recursively and that we use the population level weighting
matrice$ B, = (EZ, Z;,) ™ rather thanB; (t) = (t "y, Z; Z; ). The difference between the losses

associated with the two forecast errégs,; andi, ., can be written as the sum of three terms:

f2 a2 _ 2 2 : . : _
(3.2.1) 0fpy =030 = [Ufes ~U3 ] - AUy Zy 0B (T $iaUseZy ) ~UpnaZpaBo (U T UoZ55)]
+ (1 S U1sZs6) BiZypaZynaBr(t T 8U1Z1 o)
— (T S UpeZ06) BoZ 1 ZsaBa(t S UpeZ) )]

If the two models are non-nested then, using Lemma 4.1 in West (1996), we know that the first r.h.s. term in

(3.2.1) does, the second term may and the last term does not contribute to the limiting variance of

pos ZLR[OEM - ﬁgm] . Itis because of these contributions that West (1996) imposes conditions on, in this

example[uZ,,u3,,u; Z;,U,,Z,,] but does not impose direct assumptionsieq(Z,,Z,, -B* . )
If the two models are nested these conditions do not suffice. If the two models are nested the limiting

variance ofP*°yLo[02,,, -05,,,] is zero. None of the r.h.s. terms in (3.2.1) contribute to the limiting

variance ofP°yTo[0Z,,, —03,44] . Moreover the first r.h.s. term is identically zero for all t.
That does not imply that the second and third r.h.s. terms in (3.2.1) do not contribute to the limiting

variance of 3 _g[07,, — 05,,,] . In this case (3.2.1) can be rewritten as

(3:2.2) g~ 0301 = 0+ Up 7501 (FIBI+BL)(t i UpsZ,6)]
- [_(t_lz;ﬂuz,szz,s)l‘JIBlJZZ,t+1ZI2,t+1‘]IBl‘J(t_lzts=1u2,sZZ,s)

+ (1T Y U067, 8) BoZo i ZoaBo (1 S U075 1.

*1 do this purely for exposition. It is not a requirement for the results of section 3.3.



The second and third r.h.s. terms in (3.2.2) do contribute to the limiting variach(Tg?{m‘,lftJr1 - 05’”1] . Aswe

will see in section 3.3y [ g[07,,, — U3 +,] rather thanP®° T o[0Z,,, —03,4,] is the component of interest
when constructing tests for OOS predictivdigkbetween two nested models. For this reason, and in this

example, | place conditions ¢u,,Z,,,vequ3,Z,,Z,, —0.B5") ,vedZ,,Z,, -B") ]
Assumption 4: Let (a) Eh ;h= cEq= cB™ for a positive finite constant c, (#(h, i, A = 1,2,5)0.

The reasons for imposing Assumption 4 are much the same as Assumption 1. In order to insure that the
limiting distribution does not depend upon the underlying data generating process | must impose some
conditions on the loss function L. Here I require that the loss function has the property that the expected outer
product of the score is proportional to the expected hessian. Moreover that constant of proportionality must be
positive and finite. If the loss function L(.) is a true log-likelihood then that constant is one (Amemiya 1985).

The need for the constant c arises from the fact that MSE is the most common measure of predictability. It

is true that if the disturbances from the parametric linear regression yodéel, B + u,, are i.i.d. normal

and conditionally homoskedastic with varianzg then the OLS estimates B}, are numerically identical to

those estimated using the log-likelihood. But that is not the same as sayingitithgldo not depend on

whether you use MSE or the log-likelihood as your measure of predictive ability. For example if we use OLS

to estimate the parameters thef?™> = -2u,,Z,,, q{°*® =22,,Z,, and hence&Eh®-=h(C-" =
40%EZ,,Z,, # 2EZ,,Z,, = Eq®® . Similarly if we maximize the log-likelihood"*) = -0 ?u,Z,,

qME) =0,22,,Z,, and henceEhMEhME) = g 2EZ, 7, = Eq™) . Itis this difference that generates

the need for the constant c. For a more detailed discussion see section 3.4.

Assumption 5:Tlinl)P/R =, T=R+P-1,041< 0,

This final assumption introduces the means by which the asymptotics are achieved. As in Hoffman and
Pagan (1989), West (1996) and White (1998) the limiting distribution results are derived by imposing a slightly
stronger condition than simply that the sample size becomes arbitrarily large. Here | impose the additional
condition that both the number of in-sample (R) @@iS (P) obsemtions also become arbitrarily large at the
same rate. In this way | insure that the parameters estimated in-sample and certain OOS averages are both

consistent estimators of their population level analogs.
3.3 Asymptotics under the null

In this section | provide the null limiting distribution results for the OO&ttssic in (2.1) and th®0S-F

statistic in (2.3). Since the limiting distributions are non-standard | also provide tables of the critical values



necessary for the construction of asymptotically valid tests of the null in (3.1.1). All proofs can be found within
the Appendix.
There are two main components of the OOS-t and OO&tiktits. The first,

ZLR[Lwl(ﬁn) - Lz,t+1(f52,t )], was alluded to in section 3.2 and is a component of all three test statistics. The

second,zLR[Lwl(ﬁl’t) - L2’t+1(f32’t)]2 , arises in the OOS-t statistic from (2.1). This latter component is a
denominator term that was originally designed to estimate the limiting variance of
P oSS a[L1si(Br) ~Lowa(B20)] which, from the discussion in section 3.2, we know is equal to zero.

To see how these components affect the OOS-t and OOS-F statistics let's rewrite (2.1). I'll ignore the
Morgan/Granger-Newbold statistic from (2.2) for the moment since it is asymptotically equivalent to (2.1) when

the loss function is MSE.

(3.3.1) 00S-t=P QO ST [L(0ys1) — L (Up001)]

ZtT=R[L1t+1(Bl,t) -L 2,t+1(B2,t )]
(ZthR[Ll,tﬂ(Bl,t) -L 2,t+1(B2,t)]2)0'5

(P 3R L(Oy40)) = (P S r L(02,40))
c

— ZtT=R[|—1,t+1(Bl,t) - L2,t+1(B2,t)]
2 .

(3.3.2) OOS-F =P

We can see from (3.3.1) and (3.3.2) that the OOS-t and OOS-F are somewhat related. They differ in that
the OOS-t has a denominator component that the OOS-F does not have. Notice that since the forecasts are 1-
step ahead | am assuming tigat= P"lthzR[Lwl(Bn) - LZ,tJ,l([:%z,t)]2 and hence one is not using a serial

correlation consistent covariance matrix estimator of the type suggested by Newey and Weést [(1994)
emphasize this case because it is most common. Clark (1999) and Harvey, Leybourne and Newbold (1998)
consider special cases in which serial correlation is of concern.

To gain some intuition as to how these two components contribute to the limiting distributions, consider the
following three lemmas. In the following define H(t) sy h,, R™yL, rihs andR™* SR hy for the
recursive, rolling and fixed schemes respectively. For matrices C and A defined in Lemma 3.1 let

C_O'SAICBg'Sht = Ht and C_O'SAICB(Z)'SH(t) = ﬁ(t )

® | also could have estimat€dusing squared deviations from the sample mean. Doing so is asymptotically
irrelevant and hence is omitted for notational convenience.



Lemma 3.1 (a) Let-J' B,J+ B, = M and B;>*MB}*® = Q, then Q is idempotent. (b) Let A be &K}

matrix with 1, . on the upper @k;) block and zeroes elsewhere. There exists a symmetric orthonormal

matrix C such that Q €AA" C

Lemma 3.2 ZLR[LLHl(BLt) - L2,t+1(B2,t )] =

A5 R (TO°H®) (T0%h,,) — 05T S La(TOSH®) (T*SH®)] + ax(2).

Lemma 3.3 ¥ rllyoa(Br) ~ Lo B2 )1 = TS La(TOPH(D) (TOSH(D) + o(L).

When deriving the limiting distribution of the in-sample F-statistic and other comparable tests comparing
nested models, one first shows that the statistic can be written as a weighted quadratic ofBplrétitig
standard normal random vector. The second step is to show that the weighting matrix is idempotent of, say,
rank k < k. The final step is to apply the continuous mapping theorem and conclude that the limiting
distribution is chi-square with,klegrees of freedom.

The OOS statistics are roughly the same, at least in spirit. They are comprised of weighted quadratics of
standard normal random vectors for which the weighting matrix is idempotent. The OOS statistics differ in that

they depend upon weighted averages of an entire sample path of these quadratics. To see this consider

TOSH(t) = T®t s h, = %(T'O-ﬁ?z;:lﬁs) for the recursive scheme and let W(s) denotexljlstandard

Brownian Motion on[A,1] with W(0) = 0 andA = (1+ 1) *. Since the incremenﬁ‘.S are conditionally
homoskedastic vector martingale differences with unit variance and T/t is bounded by Assum‘b?i?iﬁ(ﬁ, )

is well approximated (in distribution) by'*W(s fpr large enough T. The in-sample result can be thought of

as just the endpoint of a similar, but distinct, sample path.

Lemmas 3.2 and 3.3 also clarify the potential need for scaling by the factor c. WKEDSHe statistic is
of interest Lemma 3.3 shows that the data generating process and loss function are irrelevant to the asymptotics
but for the factor c. To eliminate that factor | define the OOS-F as relative to some consistent estohator
The OOS-t statistics do not require a consistent estimator of c. The reason for this is that c arises in both the
numerator and denominator of (3.3.1) and hence cancels. Recall that the denominator of (3.3.1) will be akin to
the square root of the r.h.s. of Lemma 3.3.

Lemmas 3.2 and 3.3 provide the building blocks for the following Theorems.



_ ZtT=R [Ll,t+1(Bl,t) -L 2,t+1(B2,t)]

-~ 4 F* whereF" equals
¢

Theorem 3.1:Let C — p C. OOS-F

[SW (9dW(s) - (0.5) s W (9W(s)ds for the recursive scheme,
AN HW@) - WA} WA) - (0.5 "W A)W(A) for the fixed scheme,

and
A R{W(S) —W(s—A)} dW(s)

— (05N [{W() - W(s—A)} {W(s)-W(s-A)}ds for the rolling scheme.

ZtT=R[L1t+1(Bl,t) -L 2,t+1(B2,t )]
(ZthR[Ll,tﬂ(Bl,t) -L 2,t+1(B2,t)]2)0'5

Theorem 3.2 00S-t = ~ 4 F? whereF? equals

Fl
[[s°W (9W(s)dg*®

for the recursive scheme,

=

p 05 for the fixed scheme.
[T "W (A)WA)]™

Fl
2 f{W(S) - W(s— A} TW(S) - W(s - N)}dg°

for the rolling scheme.

There are a number of things to notice about Theorems 3.1 and 3.2. The first is that they are both pivotal.
If one is going to use asymptotic critical values from the limiting distributions to construct asymptotically valid
tests of the null then that fact is not particularly useful. What does make it useful is the fact that the bootstrap is
an increasingly common method of constructing test statistics. Mark (1995) and Killian (1997) bootstrap
statistics directly comparable to the OOS-t and OOS-F statistics. Ashley (1998) provides alubitsteal
methodology for constructing asymptotically valid tests of the null of e@& predictive ability between two
nested models. In any of these cases, since the limiting distribution is pivotal, we know from Hall (1992) that
the bootstrap provides refinements to first order asymptotics and hence in finite samples may provide more
accurate inferenée

A second fact to note is that the limiting distributions do not depend upon the choice of loss function L(.).
So long as the parameters are estimated using the same loss function as is used to measure predictive ability the
loss function itself has no effect on the limiting distribution. That does not imply that finite sample size and
power performance is invariant to the choice of loss function. McCracken (1998a), in the context of non-nested
models, and Corradi, Swanson and Olivetti (1998), in the context of nested models, each show that finite
sample performance can be better for some loss functions than others, particularly if the loss functions differ in

smoothness.

® Killian (1998) offers a passionate argument against the relevance of such refinements.



Though the null limiting distributions do not depend upon the loss function itself, the distributions are
dependent upon two parameters. The first is the number of excess paragnatéesckn see this in the
dimensionality of the vector Brownian motion W(s). It is easier to see if we redri@dasider the recursive
sampling scheme. If we let;) denote théielement of W(s) then

(3.3.3) F=3k[ps W (s)dW,(s) - (0.5)ps *W(s)dg.

This representation is useful for two purposes. First it provides some insight into the,dffexbk the mean
of F*. Taking expectations, and noting that each of the i = 1, eleknents is independent and identically

distributed, it is straightforward to show that

(3.3.4) EB)

—-(0.5)k, In(1+ ) for the recursive scheme

—-(0.5)k,m for the rolling and fixed schemes

Hence as kincreases we expect the distribution of the OOS-F statistic to drift into the negative orthant. This is
occurring because the first term ihi§ mean zero for allkwhile the second term is increasingly negative. See
section 3.4 for a discussion of the repercussions of this fact on the empirical application of the Principle of
Parsimony. A less important effect due tdskon the variance of'F Since E can be written as the sum of k

i.i.d. terms we know that the variance is monotonically increasing in k

The effect of k on P is less clear. Sincé i nonlinear in its components it is difficult to analytically
derive properties concerning its mean and variance. Numerical results suggest that the mean does become
increasingly negative in lbut that the variance is relatively constantin k

There is a second reason that the representation in (3.3.3) is useful. One of the assumptions in section 3.2
was that kwas finite. We can heuristically see the need for that assumption by simply taking the linais of F
k. goes to infinity. It diverges under the null. Hong and White (1995) show, in the context of series-based
nonparametric regressions, that the in-sample F-statistic also diverges under the null as the number of series-
terms increases to infinity. They then suggest a transformed version of the F-statistic that they show is
asymptotically standard normal as the number of series-terms increases to infinity. It seems that such an
argument could be used for the OOS-F statistic as well. Such a proof is beyond the scope of this paper and is
left for future research.

A second parameter, affects the null limiting distribution of both the OOS-t and OOS-F. It affects the
limiting distributions in two ways. It directly affects the weights on each of the components of the statistics
(recall thath = (1+ ). It also affects the range of integration on each of the stochastic integrals through
Since the parametarenters both Fand E nonlinearly its affect on their distributions is less clear than it was
for k,. Looking at (3.3.4) we can say with certainty that the meah @ééfeases witt just as it did with k
Once again see section 3.4 for a discussion on repercussions for the Principle of Parsimony. Numerical results

indicate that the variance of 5 also monotonically increasingitfor a fixed value of k For E, numerical



results suggest that the mean is decreasing and the variance is increasingtma much lesser extent than

for F.
3.4 Null Asymptotics When MSE is the Measure of Predictive Ability

If one is interested in using MSE as the measure of predictive ability there are two loose ends remaining
from section 3.3. The first is that | have yet to provide the limiting distribution of the OOS-t statistic from (2.2).
The reason | have done this is to place some added emphasis on the fact that the OOS-t from (2.1) can be
applied to a wider range of measures of predictive ability than just MSE. The OOS-t in (2.2) is only applicable
when MSE is the measure of predictive ability. The first loose end is alleviated by the following Theorem.

Theorem 3.3 Morgan/Granger-Newbold statistic: Let ., (3;) = uft+1([3i , TS
P_lzLR[uitﬂ(BLt) - u%,tﬂ (Bzr)] yarTsE P_lzLR[ul,Hl(Bl,t) - Uz,t+1(é2,t)]2 andar=

PO'Sao,T

2 105
[t —ag7]

P_lthzR[Ul,m(B],t) + Uz,m(éz,t Nz, Sy F2

Theorem 3.3, along with Theorem 3.2, states that the two O@8stiss are asymptotically equivalent.

Hence to construct asymptotically valid tests of equal predictive ability using either of the tests one can use the
same critical values.

Tables 1, 2 and 3 relate to the OOS-t statistic. These were generated allymuiieg the limiting
distribution in Theorem 3.2 and hence can be considered estimates of the true asymptotic critical values. The
critical values are the §095" and 99" percentiles of 5000 independent draws from the distributiof foff &
given value of kandrt Generating these draws proceeded as follows. Weights that deperntwgren
estimated in the obvious way usifig= P/R . The necessary BBrownian Motions were simulated as random
walks each using an independent sequence of 10,000 i.i.d.N)@jErements. The integrals were emulated
by summing the relevant weighted quadratics of the random walks from tieBsetvation to the'T
observation. The random number generator was seeded so thanaltipairs and all sampling schemes use
the same 5000 draws of &equences of 10,000 i.i.d. N(0;9) increments.

A brief listing of critical values is provided in Tables 1, 2 and 3. Each of the tables corresponds to either
the recursive, rolling or fixed scheme. Within each table there are 300 critical values. Each of these correspond
to one permutation of three parametess= K1, 2, 3, ...,9, 10};1={0.2, 0.4,..., 1.0, 1.2,..., 2.0}and nominal
size of the test = {0.01, 0.05, 0.10}. Tables that allow for larger values of patitdk are available from the
authors website.

The second loose end concerns the OOS-F test when MSE is the measure of predictive ahilittheRec

discussion following Assumption 4 in section 3.2. There | discussed how ¢ was defined. @lydciiowed

" These values adf correspond to percentages of in-sample observatien®.833, 0.714, 0.625, 0.555, 0.500,
0.454, 0.417, 0.385, 0.357, 0.333}.



that if OLS is used (or NLLS or any equivalent means) to estimate the parameters and MSE to measure
predictive ability thenEh(O*9h(°9" = 262Eq(®® . This was in contrast to the case where we estimated the
parameters by maximizing a log-likelihood and then used the same log-likelihood to measure predictive ability.
In this latter case we know th&h{M-®)h{M-E) = gq{M-E)

Introducing the constant c is intended to soak up any difference between the expected outer product of the

score and the expected hessian determined by the choice of loss function. Assumption 4 deﬂuésnm«m

MSE is the measure of predictive ability. If so we can consistently estimate cf:usﬁ(@’_lzLR ﬁgm 8, )

Unfortunately this is not the most commonly used normalization factor for this type of statistic. When the
in-sample F-test is constructed the denominator is the mean square error associated with the unrestricted
regression. When Ashley (1998), Mark (1995), Killian (1997) and otioatstrap versions of thisasistic the

denominator term i® 'y« agm . When Pesaran and Timmermann (1995) and Swanson and White (1997a)
use OOS information criteria (such as AIC, SBC, Hannan-Quinn, etc.) to compare the predlit§ivaf ako

nested models they are effectively normalizing®yy |- ﬁgm . In these cases the OOS-F with

¢=2(P 'y r03,) is not applicable.

If I modify the definition of the OOS-F in accordance with these agitics we have

T 12 ~2
Yi=rlULs —UZ4]

(3.4.1) (modified) OOS-F =RLLE
Py LR35

The limiting distribution of this statistic follows immediately from Theorem 3.1.

2 — 2 ZtT=R[ait+1 B a%,tﬂ]
Corollary 3.1: Let L; 141(Bi) = U141 (Bi) = (Y41 — 911 (Bi)) 7, then =

~2
t=R U2,t+1

S g 2F.

Since MSE is the most heavily used measure of predictive ability | focus on the limiting distribution in
Corollary 3.1 rather than that in Theorem 3.1. Tables 4, 5 and 6 provide the critical values associated with
constructing an asymptotically valid test of the null of equal MSE between two nested models using the
modified OOS-F statistic in (3.4.1). Each table corresponds to either the recursive, rolling or fixed sampling
scheme. The 300 values reported on each of the three tables correspond to the same permutatiand of k
nominal size of the test that were used in Tables 1, 2 and 3. More detailed tables are available from the authors
website.

It should be emphasized that Tables 4, 5 and 6 cannot be directly applied to applications where a log-
likelihood is used to measure predictive ability. It can be used with a simple adjustment. If one is interested in

using the OOS-F statistic in the form presented in Theorem 3.litibel cralues presented in Tables 4 - 6 can

8 This estimator is consistent by Theorem 4.1 of West (1996).



be used only after they have been divided by 2. Suppose that the recursive scheme,is dsaagik= 0.4.
If MSE is used to measure predictive ability, and Corollary 3.1 is applied, then the critical value associated with
a 5% test of the null hypothesis is 1.298. If instead the log-likelihood associated with a normal random variate

is used to measure predictive ability, and hence Theorem 3.1 is applied, the appropriate critical value is 0.649.
3.5 Discussion of the Null Distributions: The Principle of Parsimony and Why Overfit Models Predict Poorly

The preceding two sections present the null limiting distributions of and the critical valueatadseith
the OOS-t and OOS-F statistics. A quick glance at Tables 1 - 6 indicates that the distributions are nonstandard;
they are not well approximated by either the normal or chi-square distributions.

The density plots in Figures 1 - 4 are intended to provide some feel for the behavior of the distributions of
2F' and E corresponding to the (modified) OOS-F and OOS-t statistics respectively. In order to reduce the
number of plots | focus exclusively on the recursive sampling scheme. Plots for both the rolling and fixed
schemes are qualitatively similar in shape. They do differ in location and scale. When the rolling and fixed
schemes are used the statistics have heavier tails and drift into the negative orthant much quicker than when the
recursive scheme is used. For example when20 andt = 50 the 95 percentiles associated with the
recursive and fixed (modified) OOS-F are -64.018 and -540.728 respectively.

Figure 1 is comprised of four plots. Each show the effect on the densitywh2Rmtincreases from 0.2
to 1.0 to 2.0 holdingkconstant at 1, 2, 5 and 10. Figure 3 is the same but.fdnfeach Figure and plot, as
increases the probability that the statistic is negative increases. This is particularly true for the (ma@8ied)

F statistic in Figure 1.

Figure 2 is comprised of four plots. Each shows the effect on the density\ahef k increases from 1
to 2 to 5 to 10 to 20 holdimg constant at 0.2, 1, 2 and 50.0. Figure 4 is the same btft fém Each Figure and
plot, as k increases the probability that the statistic is negative increases. Once again this is especially true for
the (modified) OOS-F statistic in Figure 2.

These density plots and the associated percentiles indicate that the probability that®@@B-thend
OOS-t satistics are negative increases in bathkdr For the moment focus on the (modified) OOS-F

statistic. Algebraically this implies that under the null

. ZthR[aitﬂ - a%,tﬂ]
(3.5.2) Tlm) Prol( Y
2t=R U2+

_ -1 a2 -1 N
<0) = T“”l) Probt(P™y g Uiy S P73 {rU5141)

increases in both,kandtt

What makes (3.5.1) interesting is its affect on model selection based upon OOS predictive performance.
In-sample we know that, when parameters are estimated by NLLS, the MSE from a restricted parametric
regression model must be numerically greater than the MSE from an unrestricted parametric regression model
that nests the restricted model. One repercussion of this numerical ordering of MSE's is on the empirical

application of the Principle of Parsimony.



Granger (1995): "If two models appear to fit the data equally well, choose the simpler model (that is the

one involving the fewest parameters).”

When in-sample predictive ability is of interest, the fact that the unrestricted MSE must be less than or
equal to that for the restricted model places the burden of proof on the unrestricted model. For a researcher to
feel confident that the unrestricted model is providing information beyond that contained in the restricted model
the unrestricted MSE must be "significantly" lower than the restricted MSE. If it is not significantly lower, the
Principle of Parsimony says to choose the less parameterized model. Certainly it is this logic that is behind
Akaike's (1969) introduction of penalty terms and information criteria. Rather than rely upon the heuristic
Principle of Parsimony, penalty terms provide a statistical mechanism for eliminating the potential for selecting
overparameterized parametric regression models.

If OOS predictive allity is of interest that logic no longer hold®OS the unrestricted MSE can be less
than or greater than the restricted MSE. To make matters worse, the plots in Figures 1 - 4 indicate that the
probability in (3.5.1) increases the larger is the number of extraneous parameters introduced in the unrestricted
regression model. Moreover it seems that this probability increases to one as eithdbécome arbitrarily
large. This implies that the burden of proof, that is on the unrestricted model in-sample, is more so on the
restricted model for large enoughdndrmtand when OOS predictive ability is of interest. The MSE from the
restricted model must also be "significantly" lower than the MSE from the restricted® model

It is for this reason that it is particularly important to apply tests of significance when comparing the OOS
predictive ability of two nested models. Simply reporting the OOS MSE's from two nested models is
insufficient. Consider the case in which the value of the OOS-F statistic is zero and hence the restricted and
unrestricted models have "equal" predictive ability. For large enougidkt, the critical values from Tables 1
- 6 indicate that it is more likely that the alternative is true than is thé.null

Another related implication is on the use of OOS information criteria to identify regression models.
Swanson and White (1995, 1997a) have applied this methodology. In these, and other applications, the penalty
terms used were those commonly associated with in-sample information criteria. In other words, the penalty
terms were positive, additive and increased,inTkhis form of penalty term is intended to serve as a statistical
mechanism for the Principle of Parsimony.

But as mentioned above, it is not clear how the Principle of Parsimony should be applied in an OOS
context. As Figures 1 — 4 indicate, for smaldkdmithe unrestricted model has a lower MSE than the
restricted model a sizable percentage of the time. This holds even under the null. Hence it may be appropriate
to use traditional information criteria for smaller values.cikdmt Then as kandmincrease the restricted
model tends to have a lower MSE under the null. In this case it is unclear why penalty terms would be

necessary at all. Moreover, including penalty terms could potentially reduce the power of the model selection

° This does not mean that the test should be lower tailed. It means that the asymptotic median of the difference
in MSE's is now negative.

91n other words, | can always chooseakdr sufficiently large that zero lies in the rejection region for a given
nominal size of the test.



procedure by artificially inflating the measure of “predictive ability” associated with the unrestricted model, as
measured by the information criterion. To eliminate such a problem it may even be the case that negative
penalty terms are required in the construction of OOS information criteria particularly for larger values of k
andrt In any event, it is not clear that traditional in-sample information criteria are appropriate in an OOS
context. Development of a theory of model selection using OOS information criteria is left to future research.

It should be noted that most of the comments made above are based upon (3.5.1), which in turn relies upon
Theorem 3.5.1. In Theorem 3.5.1 the results are only applicable to correctly specified regression functions.
One cannot infer that the same would be true for misspecified models. It may very well be the case that a more
heavily parameterized misspecified model has greater predictive ability than a less parameterized misspecified

model.

4.0 Asymptotics Under a Local Alternative

The null asymptotics provide us with a basis for constructing asymptotically valid tests for equal OOS
predictive ability between two nested models. If we use the appropriate critical values from Tables 1 - 6 then
we know that for large enough T both the OOS-t and OOS-F statistics will be well sized. However, these null
distributions do not provide us with any rationale for choosing between the OOS-t and OOS-F. The null
distributions also do not provide us with any information on how to choose the sample split pararoetbe
sampling scheme in order to maximize power of the test. In this section | provide a limited set of evidence
concerning the power of both the OOS-t and OOS-F statistics for each of the recursive, rolling and fixed
sampling schemes and a limited range of values ahllTt The evidence suggests that the recursive scheme is
usually the most powerful among the three schemes. The evidence also suggests that whisD S téwed
OOS-F statistics is more powerful depends jointly upon the valuesaofdkt

Certainly given two tests of equal size we prefer the test with greater power. There are at least two common
methods of providing evidence concerning the power of a given test. One is to conduct a series of Monte Carlo
experiments. Clark (1998), Diebold and Mariano (1995) and Corradi, Swanson and Olivetti (1998) provide
evidence concerning the finite sample size and power properties of OOS tests of equal predictive ability
between two non-nested models. Sullivan and White (1998) do the same for White's (1998) bootstrap
adjustment for data-snooping. McCracken (1998b) shows analytically and through Monte Carlo evidence how
data-mining can affect model-based in-sample and OOS hypothesis testing. Swanson, Ozyildirium and Pisu
(1996) conduct an extensive series of Monte Carlo experiments concerning both in-sample and OOS tests for
equal predictive ability between two nested models.

In this paper | will focus on using a second method. Here | will derive the limiting distribution of both the
0OO0S-t and (modified) OOS-F under a sequence of kdtainatives akin to those discussed by Kendall and
Stuart (1979) and Davidson and MacKinnon (1987). Clark and McCracken (1999) provide Monte Carlo
evidence on the finite sample size and power performance of these statistics when the nested model is

autoregressive and the nesting model is bivariate vector autoregressive.



Rather than do a complete analysis of all possible local alternatives and parametric regression models | will
focus on the most relevant application. | will presume that one is interested in measuring predictive ability
using MSE as the loss function and that the parameters from two nested linear parametric regression model are
estimated using OLS. The null and alternative models can then be specified as

(4.1) H:y, = Z:II.,tB;. +Up, VS

o OuZ2iBan O o
Hat Yy =248, +U_I_T;+U2,t = Zy:B2 "‘(T%—l)zzz,tﬁzz Uyt

whereZ,, =(Zy,,Z5,) , B> = (B1.B2) » By # 0 and y,is i.i.d. (0,63 ).

I choose this alternative specification for two main reasons. The first is that linear models are the
parametric regression model of choice in most applications, including Clarida and Taylor (1997) and Meese and
Rogoff (1983), where OOS predictive ability is of interest. The second reason is to simplify the algebra
involved with deriving the limiting distributions under the local alternative.

In the following Assumptions 1 - 5 are maintained.

Theorem 4.1 Let L; . (B;) = ui2:t+1([3i ) and define a selection matrixa (0 i+l ,x,) (kaxk, k> k).

Under the local alternative in (4.1) (modified) OOS-F; F and OOS-t— d F* where

F = 2F + ™\B,J,B,°°QB; 3,8, + 28,,B;,° CAIW(D) - W()]
and
F3
X, + TAB23,B;°QB; 3,8, + 2B, 3,B,*°CAX 5]

for X, defined as the square of the denominator term in Theorem 3.2 gpdiéfmed asj)l\s"1W(s)ds ,

A‘lji[W(s) - W(s-A)]ds and MW(A ) for the recursive, rolling and fixed sampling schemes respectively.

The first thing that should be noted about Theorem 4.1 is that the limiting distributions are not pivotal. The
local power of the tests depends upon the data generating process thgraugiﬁ%B Under the null3*2 =0

and B was irrelevant. Under the local alternative both affect the limiting distribution. This is important
because it implies that any given set of power calculations using the results of Theorem 4.1 should be
interpreted with care. Local power of the test for one data generating process does not imply comparable local
power for other data generating processes. Moreover, Nelson and Savin (1990) show that local asymptotics
may provide a poor approximation to true finite sample power.

With these caveats in mind, Tables 7, 8 and 9 provide a brief list of local power characteristics. The

calculations apply the same methods used to construct the critical values in Tables 1 - 6. The random number



generator was seeded so that the random walks used to emulate Brownian Motion under the null were also used
under the alternative. In this way much of the null numerical calculations used to generate 5000 draws of F
and E were directly applied in generating 5000 draws>cdufd P.
What distinguishes the two simulations is the need to construct the drift terfranid E. To do so |
needed to choose a particular data generating process. In order to simplify presentation | chose one for which

the regressors are i.i.d. orthonormal and are of equal relevance to the conditional mean function so that

B, =(11...1) . After this simplification the limiting distributions under the local alternative can be rewritten as

F=2F + ik, + 252 [W; () - W, (M)]

and

= P
X, + Mk, + 22:(§1Xi,3]0'5

where W andy; ; represent thé'icomponents of W anyg; respectively.

Tables 7, 8 and 9 report the percentage of 5000 drawsaofd that were greater than the relevant
critical values reported in Tables 1 - 6. In each table the local power of the OOS-t and OOS-F is reported for a
range ofrt= (0.2, 1.0, 2.0, 50.0),k (1, 2, 5, 10, 20) and nominal size of the test = (1%, 5%, 10%). For
example under the recursive scheme with R andrt= 1, 1400 of the 5000 draws of Were greater than
1.802 and hence at a nominal size of 5% the local power of the (modified) OOS-F statistic is 28%. Similarly, at
a nominal size of 5% the local power of the OOS-t statistic is 12.53%. Table 7 relates to the recursive scheme,
8 to the rolling and 9 to the fixed.

In each of the three tables and in panels A, B and C it is usually the case that wherabhdthdce
smaller the OOS-F is more powerful than the OOS-t. As eitharkbecome sufficiently large the OOS-t
becomes more powerful. Hence given a particylar ki pair, Tables 7 — 9 provide some guideline on the
choice between the OOS-F and OOSatistics.

Comparing local power across Tables 7 — 9 we can also draw some conclusions on the choice of sampling
scheme. Of the 60 possible,(k, nominal size) comparisons among the three sampling schemes the recursive
scheme is most powerful 57 and the rolling 3 times when the OOS-t is used. When the OOS-F is used the
recursive is most powerful 39 and the fixed 21 times. In this latter case, the fixed scheme is most powerful only
when both kandrmtare smaller. It therefore seems that when choosing a sampling scheme the recursive scheme
should be the first choice unless bogtokmare small in which case perhaps the fixed should be considered.

Deciding upon the optimal sample split paramatirless clear. The sample split that maximizes the
power of the test varies with the statistic, the sampling scheme and sometimes the number of excess parameters
k,. For the recursive scheme larger values @f = 50.0) are best when the OOS-t is used. For the OOS-F the
optimal split is usually small{= 0.2) when kis small and moderater & 1.0) when Kis larger. For both the

fixed and rolling schemes smaller valuesti@fti= 0.2) are best when the OOS-F is used. These two schemes



differ when using the OOS-t statistic. When using the fixed scheme power is highest using moderate sample

splits t= 1.0) but when using the rolling scheme power is highest at slightly higher eve’k ).

5 Conclusion

In this paper | derive the limiting distributions of three statistics commonly used for testing the null of
equal predictive ability between two nested models. These statistics include a regression-based statistic
proposed by Morgan (1939) and Granger and Newbold (1977), a t-type statistic often attributed to either West
(1996) or Diebold and Mariano (1995) and a likelihood ratio-type statistic akin to Theil's U and the in-sample
F-statistic (or likelihood ratio test). The limiting distributions of these three statistics are non-standard. |
therefore provide numerically calculated asymptotic critical values so that asymptotically valid tests of equal
predictive ability can be constructed.

| also derive the limiting distributions of these statistics under a particular sequence of local alternatives.
Based upon these limiting distributions | provide numerical evidence concerning the (local) power of both the
OO0S-t and OOS-F statistics. Though limited, the results indicate thadlérsmalues of kandmithe OOS-F is
more powerful but askandmincrease the OOS-t becomes more powerful. The local power results also
indicate that the recursive scheme is generally most powerful though the fixed scheme is most powerful in
particular circumstances. The rolling scheme is rarely the most powerful. The numerical results shed little light
on the optimal choice of sample split paramateihere are situations where power seems to be monotone in
1L, but often times it is not. Steckel and VanHonacker (1993) also note this type of nonlinear behavior.

Perhaps the most interesting results concern implications for the Principle of Parsimony and overfitting. In
section 3.5 | show that the probability of the MSE of an overparameterized model being larger than the MSE of
a less parameterized model is increasing in the number of excess parameters in the overparameterized model.
This simple result implies that the common in-sample application of the Principle of Parsimony is inappropriate
when applied OOS. Moreover it provides the first analytical evidence for why overfit models might tend to
show poor OOS predictive dity (Diebold p.47, 1998).

A number of questions still remain concerning the OOS predictive ability of nested models. As mentioned
in section 3.3 the assumptions eliminate the potential application of either series-based (Swanson, 1996) or
kernel-based (Chung and Zhou, 1996) nonparametric estimation of the regression function. Since these are
increasingly prevalent methods of constructing forecasts it would be useful to develop tools that would allow
the application of the OOS-t and OOS-F statistics when nonparametric forecasts are used. This may be of
particular usefulness when one is interested in testing for market efficiency and hence is concerned with what
Fama (1991) refers to as the joint-hypothesis problem.

Another potential extension is to the development of OOS model selection criteria. The present paper only
considers using OOS predictiveilal as a means of choosing between two parametric models. In general
there are situations when one wishes to choose from multiple models. Such is the case when the model is
known to be autoregressive with unknown lag order. As discussed in section 3.5 it is not clear that existing in-

sample information criteria can be directly extended to the OOS environment.



Other extensions include the application to nondifferentiable loss functions such as MAE, the Linex and the
Maximum Score. Furthermore, it would be useful to extend the results so that the predictive models are
potentially misspecified. Finally since it is not always the case that the loss function used to estimate the

parameters is identical to that used to measure predictive ability, it would be helpful to extend the results in

section 3 to allow for such a possibility.
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Appendix

Lemma Al: For alla[0,0.5) and each i = 1,2, (&up, |[§>i,t -B; 3 0(1), (b) sup B, ( »B; |=a(1), (c)

sup t | U(D) [= 0,(1), (d) sup t* | B | = a1), (€) sup | T**(vedB; (t)] - vedBy]) |= O\1).

Proof of Lemma AL (a) Given Assumptions 2 and 3, the result follows from Theorem 2.1 of Newey and
McFadden (p.2121, 1994) adjusted for a.s. convergence.

(b) 1 will show this for the recursive scheme. The fixed scheme follows immediately from the recursive and the

rolling follows from a proof similar to that for the recursive.

First notice that ¢ véc B( - (g \{eciE) = ve¢ B( )] - vec B for a continuously differentiable

function g(.) with a%(v) =g, (v) . Second notice that there exists a neighborhopd N Vé]() Bf ved 3"1]
v

and a finite positive constant D such thatsup  |g, (V) < D. Hence taking a first order Taylor expansion
VON(ved B;™])

of g(.) around vec Bl we have
sup, |vedB; ()] - vedB;]| = sup, |g, (V,) (vedB{*(t)] - vedB;™) | @)
< ksup, g, ,)Isup |vec[B™" (OF ved B*])|
for someV, on the line between viec B )]tand vef B'].
Now consider sup yec B t( ¥} vec B' ])land recall that for the recursive scheme
ved BH(9] = vef 'y, qj(ﬁt)] . Adding and subtracting Viec't'|-, ; i we have

sup, vec[B™ (1)~ ved B*]| < ()

105 ) B -
?Suﬂ | T OBZ}:lveqqi,j —Eq ;]| +sup [t 1Z§=1Vqui,j Bi)—ai;l |-

05
That the first r.h.s. term in (2) ig(&) follows from the fact thaTt? is 0(1) by Assumption 5 and by Theorem

3.1 of Hansen (1992%up |T*"SZ}=1veqqi’j —Edq ;] 3 O)(1). Consider the second r.h.s. termin (2). By
Assumption 3 and the triangle inequality we know that
sup [t 5t veda (Bi) — a1 < sup t™ s  veda  (B) - a1 |
<supt™yiym; 1B, —B I° < (sup 1B —B7 D (sup t T3l m))

< (U By =B DP T Tam)). @)



The last inequality uses the fact that for all >0 and t > R. Then since Lemma Al (a) implies that
sup, |f3i’t -Bi | = (1), % is bounded, and Markov's inequality implies that Y-, ; mOy(1), we know

that sup [vec B™* ¢)I vec[B* DF g ().

The result will then follow if supd, W;)| = O1). By the previous paragraph we know that foe all0

there exists R sufficiently large that d(v, ON(ve¢ B'])) >1 - Then since g(v) is continuous and D <
co we know that supgl, V)| = Ox(1).
(c) Follows from Lemma A3 of West (1996) and Lemma Al of West and McCracken (1998).

(d) By definition, sup, t? |[§- -B; |=supt® B, € H: )| Hence by the triangle inequality we have
pt it I p I I

sup t° B; ¢ H; ¢)I< k(sup, B; ¢)-B; [)(supt® H; t( )|} KB [(sup t* H; €)I).
The result follows from Lemma Al (b) and (c).
(e) I will show this for the recursive scheme. The fixed scheme follows immediately and the rolling follows

from a proof similar to that for the recursive. Using the expansion in (1) we have

sup | T**(vedB; ()] - vedB;]) | = sup | T*°g, (V,) (ved B (t)] - vedB ™)) | (4)
= sup 10,(3) (. T%5 - veday B0 ~Eq D |
< k?sup |g, (%) I{%sun (T3 L, vedq,  ~Eq ]| + %sun | T05 ! yveda; (B, ~ai, 1] -
That sup ¢, ¥,)| = Oy(1) follows from the proof of (b) above. Thsiip |T*"52}=1veqqi,j —-Eq ;] =10/(1)
follows from Assumption 5 and Theorem 3.1 of Hansen (1992). By assun%timbounded. It then suffices
to showsup, |T"°'52}=1veqqi,j (Ei,t) =di;]| = Q(1). By Assumption 3 and (3) we know that
sup 1 T 0% 31 veda, (i) -0, 11 < (SURTO® 1B, =B DT 5 Tam) .
That T‘lijzlmj = Oy(1) follows by Markov’s inequality. If we then add and subtrast@&have
sup T%° |Bi,t e k%SUR | B;(t) - B; |sup |T_O'SZ}=1hi,j | + k% |B; |sup |T_0'525=1hi,j |. Given (b) it

suffices to showsup |T*"52}=lh £ Oy(1). The result then follows from Assumption 5 and Theorem 3.1 of

i
Hansen (1992).

Lemma A2 3 H; (8)'B; (1) 141 (B; )B; (DH; (1) = 3 (H; ()'Bid; 1B Hi () + (D).

Proof of Lemma A2 Add and subtract Bxs well as g.; to get



3¢ Hi (0 By ()0 0 (Bi.0)Bi (OH; (1) =

5 Hi () Big;1aBiH; () + 3H; (1) Bid B () =B IH; (1) +

3 cHi () Bi[ 01 (B ) = G ] BiHi () + SHi (1) Billt g (Bi o) = i 1 ]IB; () =By TH; () +
3 ¢Hi (0 [B; () = Byl 1B Hi () + 3Hi (0B (1)~ Bi1a; 1 [Bi (1) B H; (1) +

eHi (1B () = Bi1[Gi 10 Bie) — i ] BiHi (1) +

Y Hi (1) [B; (t) - Bi][qi,t+1(l3i,t) =i +1][B; (t) =B JH; (1) .
I must then show that the latter seven terms are géth ¢ will show this for the final term, the others follow
from similar arguments. The absolute value of the final term is less than or equal to

k*(sup t* [H(t) )*(sup t* |B; (1) = B; D2(P/RY(P 5l Gisa (B ) ~ o ) -

Since by Assumption 61< o, and Lemma Al implies both spﬂ” Bilt ¢Bi =¢, 1 @nd

sup tY* H €)F 0, 1), the result will follow if P™ 5| ¢ .1(B, ) = Giesa |= (1), But by Assumption 3
P 3 Giea (B, ) ~Gisa | < P73 omy By —B7 [

which in turn is less than or equal@sup, |3, - B; * (P y.m, <)(sup |Bi; -B; N*(Py,m,). The

result then follows from Lemma Al and Markov's inequality .

Lemma A3 3 hi B (DH () = 3 hi B H()+0,(D).

Proof of Lemma A3 | will show this for the recursive scheme. The fixed and rolling schemes follow proofs

similar to that for the recursive. Add and subtragdbRjet
Sihia B (OH () = S h B H () + Sh (B (1) =B)H, () =
: - T S -
Sih W BiH M) +T 0'5thvec[T°'5(Bi(t)—Bi)] [(T0% ) O(T %310 )]
Given Assumption 5 and Lemma Al (f), Theorem 3.1 of Hansen (1992) implies

zt%vec[T%(Bi (1) =BT 1) O(TO°5 1 )] = Qy(1). Since T°°= o(1) the result follows.

Lemma A4: 3 H; ()'Bigi; 1B H () =5 Hi () B H () +0(1).
Proof of Lemma A4: | will show this for the recursive scheme. The fixed and rolling schemes follow proofs

similar to that for the recursive. In order to simplify notation |et Bandqj ;.; = ¢ 141 —| . Add and subtract
B! to get
TeHi () d i () = SHOH) + 3 H (1) T (1)

= S Hi O Hi() + 3(Hi(1) OH; (1)) vedd, .q]



= SHOH O + T3 (AT Sah) D551 )T vedd, )

That T°° zt(%)z((ro-5 Yiahi) 0T %5l h )T *%vedT; .]) = Oy(1) follows from Assumption 5 and

Theorem 3.1 of Hansen (1992). Sinc€”E o(1) the result follows.

Lemma A5 For sO[A1], (@) T2 3! h; O W(s), (b) (})T‘l’zzgq'ﬁj 0 s'w(s), (¢)

T, - ~ -
(E)T Y2yl O NH{W(9) - W(s-A)}.
Proof of Lemma AS: (a) Given Assumptions 4 and 5 and the fact Wd€s [ h;h; - Iy xk, <o the result
follows from Theorem 2.1 of Hansen (1992). (b) Given (a) the result follows from the Continuous Mapping

Theorem. (c) Tha% - A7t isimmediate. Wri'[eT"”zz}zt_RﬂFlj asT"”zz}:lﬁj —T'”zz};f Flj . That

T‘l’zz}zlﬁj O W(s) follows from (a). For the second piece, if | simply defgtres—A then Theorem 2.1 of

Hansen (1992) implie§'"1’22};f h; 0 W(s (even though we're only interestedst[0,\] , or sO[A1] ).

Lemma A6: 5, H ()h,,, —4 X, Wherex, equals

[sW (8)dW(9) for the recursive scheme,
AHW@A) - W)} W) for the fixed scheme,
A'lji{ W(s) - W(s—A)} IdW(s) for the rolling scheme.

Proof of Lemma A6 The result is simple for the fixed. For the recursive and rolling \/zrjig'(t)ﬁt+1 as

T
“t
Assumptions 4, 5 and Lemma A5 the results follow from Theorem 3.1 of Hansen (1992).

)3 (T'°'5z}zlﬁj)'(T'O'Sﬁtﬂ) and%zt (T"O'Sz}zlﬁj -T o3I R Hj)'(T"O'Sﬁt+1) respectively. Given

Lemma A7: 5, H ()H(t) - 4 X, Wherex, equals
[SPW (9 W(s)ds for the recursive scheme,
W (AMW(A) for the fixed scheme,

A2 H{W(s) - W(s— &)} {W(s) —~W(s—&)}ds for the rolling scheme.

Proof of Lemma A7 The result is immediate for the fixed. Given Lemma A5 the results for the recursive and

rolling follow from the Continuous Mapping Theorem.



Lemma A8: Both 3 {—H(t)'J' By (t)d 11 (B1,)B1 () IH() + H(1) B(t)ays1 (B2, )B(OH(1)} and

Y {~H()' I By (1)0ly 141 By ) By (DIH() + H(E) B(t)0lpay (B2, )BOHDK ~hyaq By (H)IH() + hiyyB(H(D)} are

(1)
Proof of Lemma A8 The proof for each is largely the same. | will show the result for the first term.

Immediately we know the first term is less than or equal to
SUp{ ~P?°H ()" I'B; (1) 141 (Bo ) B1 (DIPPPH(E) + PO2H(t) B(t)lyag (B2 ) BIOPOPH(B)} 2.
Using the triangle inequality the above expression is less than or equal to

sup, | PP2PH(1)'I'By ()0l 14 (B ) By (DIPPZPH() P + 5)
SUR, | P*2°H(t) B(t)dey (B2, B(OPPH() | +
Asup, | PP2H(t)'IBy (1)d 1 (Bre)BL(DIPPPH() |
sup, | PP2°H(t)' B(t)0ywy (B2, )B(OPOH(Y) [}
It then suffices to show botsup, | P*2°H(t)' I B, ()0 141 (31 )B1 () IP*°H(t) dnd
sup, | PP2°H(t)' B(t)q1 (B2, )B()P**°H(t) | are g(1). | will do so for the latter. Adding and subtracting both
B and @.; we immediately know that
sup, | PP H()' B()tw (B2 )BOPH(R) | <
k*(sup, [P*?°H(t) )*(sup |B() =B )?SUp, | tlsg (B2) ~ e | +
2k* (sup, | P*?°H(t) ) sup, | B(t) = BB SUR, | 0eas (B2e) —Clper | +
k*(sup [P*°H() )? 1B sup | Gpua (Bo) ~esa | +
k*(sup | PP H(t) [)*(sup [B(t) =B [)*sup [ | +
2k* (sup, [P**°H(t) )*sup | B(t) =B IB|SUR, | Gy | +
k*(sup [P*?°H(t) ) |B I* sup [y |-
That sup, | P°?*H(t) | andsup, | B(t) - B | are g(1) follows from Lemma Al. Thasup |0, ¥ Oy (1)
follows from Assumption 4. To complete the proof notice that by Assumptsup3] Ch+1(l32,t) Q1 < |

(sup | m; [)(sup ”32,t —[3*2 |)¢ < (sup [ m; |)(sup |f32,t —[3*2 |)¢. The desired result follows sineeip, |m, |

= Q,(1) by Assumption 3 andup, |B,, —B> 3 (1) by Lemma AL.

Lemma A9: ¥ {-h,,,JB;(1)IH(t) + h, ,BOH(®)}? = T {~h,.,IBIH(t) + h.,,.BH(t)}? + 0,(1).
Proof of Lemma A9 Add and subtract both;Bnd B to obtain

¥ { N IB (D) IH(E) + h BOH®I = 3 {—hy. JBIH(L) +hy, BH(®)} + (6)



3 ~had (B (1) ~B1)IH(®) +hyuy (B() ~BH()} +
25 { =Ny BRIH() + i BHON —hiyd (B (1) = By)IH(®) + iy (B(H) ~B)H()} -
It then must be shown that the second and third terms on the r.h.s. of (§)Lare will do so for the second

term. The third follows from a similar argument. The second term is less than or equal to
Psup{-hi.1J (By(t) ~B1)JH(t) + i,y (B(H) - B)H(B)}
< {sup, P** | ~hy,,J (By(t) - B)IH(D) + hy,y (B(t) - B)H(D) |}
< k*sup | e,y |37 (sup PP | By(t) =By [)(sup P** [H(H) ) +
k3sup | hy., | (sug P> | B(t) - B|)(sup P*® [H(t) |).
By Assumption 5 syfiv.,| = Q(1). The result then follows from Lemma A1 since bstig P°?° |B(t)-B |

andsup P*® [H(t) |are g(1).

Lemma A10. 5 {~h;,,JBJIH(t) + h,, BHD}? = ¢?5 {H(t)h,}> .

Proof of Lemma A1Q The result is immediate sin@g®°A'CBY ?h, = h, andcSA'CBY2H(t) = H(t ).

Lemma A1L 5 {H(h,}> —4X, for X, defined in Lemma A7.
Proof of Lemma A1L Definey,,, = h,;h,,, — I'. Theny {H(t)h.}? = 5, H O)H() +
5. (H (1) O H'(t))vedy,.,) . Given Lemma A7 it suffices to show that the latter r.h.s. tern13. ol will do
so for the recursive scheme, the others follow similar arguments. By definition the latter term is equal to
- T - ~ . - ~
TS AT g i) DT S ha) (T vedy,.) (7)

That (7) is (1) follows from Assumption 5 and Theorem 3.1 of Hansen (1992). The result then follows from
the fact that P°is o(1).

Lemma A12 3, Uu0ipa (Bi)Bi (DH; (1) = 3,1 aBiH; (1) + (1)
Proof of Lemma A12 If we add and subtract,Bandg; g1 = gi,B,t+1([3: ) we have
Y (Ui p s Bi)Bi (OH; (1) = 3y aBiH (1) + 30y g (Bi (1) =By)H; (1) +

5 Ut (G g sa (B ) = Gipr)(Bi () = B)H () + 3 Utia Gipra Bi) = G gsn)BiHI (1)
That the second r.h.s. term |¢1) follows from the proof of Lemma A3. We then need only show that the

latter two terms arey(ll). | will do so for the final term. The proof of the other is similar. Let

1 7d like to thank Bruce Hansen for suggesting this approach.



Oippra(Bi) = %gimﬂ(ﬁi) . If we take a first order Taylor expansiongfs ;.1 (B; al)oundBi* and add and
i

subtractg; g 1+ =i pp+1(B; )We then have
3 Ut (@ipeaBie) ~Gipes)BiIHI () = 3 Biy ~B) i ppra (Bi)BiH (DUyy = (8)

Py T B =B) (9ipprsa(Bit) = 9ippien)Bi TP(T_O'S Yeahi Uy +

TS5 TO (@~ B1) (T 0%y )BT 05 h, ).
To show that the first r.h.s. term in (8) 1) take its absolute value. It is then less than or equal to
218, 1(SUR T 1B, =} D(SUR 19, gp.0s1(Br) ~Gippcea DISUR 1T OS5 ISUR (U
Thatsup |u., |andsup | T70° S his |are Q(1) follows from Assumption 4 and Theorem 2.1 of Hansen
(1992) respectively. Let's now show traip T°° |B;, —B; is|Oy(1). Notice thatsup T%° |3, -B; K
SUR T [ =B | 5 —K(SUR 1B,(0) =B DsuR | T 5hy, ) + ok IB; (sup I TS5y, ). The

desired result follows sincsup, | T705 Yeahis i$ Q1) by Theorem 2.1 of Hansen (1998)p, | B; (t) - B, |
is 0,(1) by Lemma Al and T/R is bounded. That the first r.h.s. term in (§(lijstben follows since by
Assumption 3 and Lemma AP, |g; gp 1 (Bi) ~ Gigpes S (SUR IMe (SUR | —B; ) <

(sup [my (sup 1B, = Bi ) = a(L).

To show that the second term on the r.h.s. of (8X19 drst note thatvedu,,,0; g +1 lforms a martingale
difference sequence and by the previous paragsx;lstpthTO'5 |[3i,t —Bi* is Q[1). Hence by Theorem 3.1 of
Hansen (1992&%{”_05 Tiahi B O T (B, —B7) }vedT *°upgi pp ] is O(1). The result then

follows since T°is o(1).

Lemma A13 Let g1 = Gipa (B ). Forij=123H;(tB; (t)gi,B,Hl(Bi,t)glj,B,Hl(Bj,t)Bj (OH; ) =

Y Hi (1B E(gi,B,t+1glj,B,t+1)Bj H;(t) +a,(1).

Proof of Lemma A13 Follows from arguments almost identical to those in Lemmas A2 and A4.

Lemma Al4 Let gip 4y = gi,B,t+1(l3: ). Zt(ul,tﬂ(BLt) - u2,t+1(B2,t )? - d CX2-
Proof of Lemma Al4 If we take first order Taylor expansions of bcnttlﬁl([}ul,t and uzytﬂ(f%z,t )around[31
and 3, respectively, we havit(ul,tﬂ(él,t) - u2,t+1(B2,t )? =

Zt H:Il_(t) Bl (t)gl,B,tﬂ (B]_,t )g:ll_,B,tﬂ_ (Bl,t )Bl (t) Hl(t) +



Y Ho (0B (1)926,141 (B2, ) T4 (B2 ) B2 (DH (1) -

23 H,(t) Bl(t)gl,B,Hl(Bl,t )gl2,|3,t+1([32,t)82 (OH (1)

But by Lemma A13 this equals
Y H ()JIBIH) + 3 H' (DBH(t) - 23 H () B,EG g 1105p,+1BH() + (1)

The result then follows from Lemma 3.1, Lemma A7 and the factithagt;.; = 91p 41 -

Proof of Lemma 3.1 (a) For i,j = 1,2, let g; represent the ij-block of the matrix dSince

, = B31(| +[EQt,1,2]N2[eq,2,1]B1_1) - B1_1[eq,1,2]N2 E
B‘ Nz[eq,z,ﬂBl_l N, E

N, =[EQ,,, — eq,z,lBleq,l,z]_l

and

_ gl[eq,l,Z]N 2[EQ211B;  —By[Eq1,IN, E
N,[Ed; 2118, N,

the result follows from straightforward algebra. (b) Since Q is idempotent the result follows from Schur’s

Decomposition Theorem (p.16, Magnus and Neudecker, 1988).

Proof of Lemma 3.2 If we take second order Taylor expansions of Hoffy; (B, andiL,,.,(8,, ) around
B, andp, respectively, we have
L1 Bre) = LowaB20)] = 3 {-hiad Bi()IH() +h . BOH()} -
(0.5)3 {~H(t)' I B1 ()0 41 (B1,)B1 (D) IH(E) + H(E) B() sy (B2, )BOH(D)}

for Bi’t on the line betweeﬁi’t and B: respectively. The result then follows from from Lemmas A1-A4 and

Lemma 3.1.

Proof of Lemma 3.3 If we square the argument of the summation in the proof of Lemma 3.2, this follows from
Lemmas A8-A1l.

Proof of Theorem 3.1:Given Lemma 3.2, the result follows from Lemmas A5-A7.

Proof of Theorem 3.2:Given Lemma 3.3, Lemma Al1l and Theorem 3.1, the result follows from Theorem 2.1
of Hansen (1992) and the Continuous Mapping Theorem.

Proof of Theorem 3.3:Given Theorem 1 and the Continuous Mapping Theorem it suffices to show

arayr —a57 — g 4c’X, for X, defined in Lemma A7. Tha,; -, 4 fllows from Theorem 4.1 of



West (1996). To show thétag,T = g(1) note that from Lemmas A10-AlBg,r = Q(1). The result follows

since by Lemma Al14Pa -4 CX,.

Proof of Corollary 3.1: Follows immediately from Theorem 3.1.

0uZ B3 ~
Proof of Theorem 4.1 Defineur, = %’;BZZ +u,, hy, =ur,Z,, Z, =0,'A'CB3°Z, and

hy = uT,tit . Define H(t) and ﬁT(t ) as in section 3.3 but relative o and-ﬁT,t respectively.

With these definitions in place, and keeping in mind that the nested models are linear and estimated by
OLS, it is straightforward to show that Lemmas Al1-A4, A8-A10, A12, A13 and Lemmas 3.1-3.3 continue to

hold but with y h, ﬁt , H(t) and ﬁ(t )replaced byur, hyy, ﬁT,t , H(t) and ﬁT(t )respectively. Hence we
know that
S rl021 —050] =
0225 r (TOH (1) (T %Ny ) = T3 Lr(TOH (1) (TO*Hy ()] + ay(D), )
S rl0f = 050]% =
A0y T ™y La(TOH (1) (TO°H (1) + (D), (10)
and
(Strlly 01 =001 (P S LRIy + U5000]%) = (PO S TRl071 — 03] =
A0y Ty La(TOH (1) (TO°H (1) + (D). (11)

Note that the rhs of both (10) and (11) are identical. Hence all we need to derive is the limiting behavior of the

rhs's of both (9) and (10) in order to reach the desired result. Applying the definitignaaf then know that
SER(TO*H (1) (T 00) =
SER(TOH®) (T°%he) + Sr (T 5400852206 Z)(T *%hyy) +
TSR (TOPH) (ZeaZopBo0u) + TS 1m (7 540008502 50 Z)(Z 412 92,1:4B220 )
and
TS LR(TOH (1) (T*°HL ()] =
TS ER(TOPH®) (TOH() + 2T 5 Lr (TOH() (™ 542250 B200) +
T S R (T S 0uB 2 Z 0o Zs )t 35126252 8220 )
Using arguments akin to those in Lemmas Al1-A4 it can then be shown that

SLR(TOHL (D) (T 0%y ) =



Sr(TOH() (T%hyy) + B3d,B °CA(T 5 Lohy,y) +
B5J,B SCAT LS La (TOSH(1) + T™B5J,B50°QB0%T,B; + ay(1) (12)
and
TS LR (TOH () (T*®H ()] = T3 LR (TO°H) (TO°H(Y) +
2853,B05CA(T S La (TOSH(L) + ™\B5J,B50°QB25I,B, + ay(1). (13)

If we substitute (12) and (13) back into (9) and (10) the results follows from Theorem 2.1 of Hansen (1992) and

the Continuous Mapping Theorem.
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Table 7
Local Power of the (modified) OOS-F and OOS-t statistics: Recursive Scheme

A. Nominal Size of 1% K

Test b1 1 2 5 10 20
OOS-F 0.2 0.1292 0.1664 0.2125 0.2446 0.2829
00S-t 0.2 0.0241 0.0258 0.0405 0.0555 0.0835
OOS-F 1 0.1216 0.1570 0.2207 0.2619 0.3110
00s-t 1 0.0316 0.0429 0.0847 0.1466 0.2866
OOS-F 2 0.1239 0.1531 0.1929 0.2246 0.2604
00s-t 2 0.0381 0.0521 0.0990 0.1860 0.3564
OO0S-F 50 0.0837 0.0821 0.0590 0.0287 0.0113
00s-t 50 0.0507 0.0857 0.1578 0.2509 0.4295
B. Nominal Size of 5% X

Test s 1 2 5 10 20
OOS-F 0.2 0.2266 0.2680 0.3072 0.3321 0.3788
00s-t 0.2 0.0920 0.1018 0.1275 0.1587 0.2375
OOS-F 1 0.2182 0.2660 0.3201 0.3505 0.3989
00S-t 1 0.1157 0.1484 0.2379 0.3329 0.5049
OOS-F 2 0.2168 0.2489 0.2870 0.3095 0.3491
00s-t 2 0.1300 0.1658 0.2634 0.3848 0.5852
OOS-F 50 0.1386 0.1277 0.0929 0.0505 0.0218
00s-t 50 0.1538 0.2096 0.3249 0.4649 0.6587
C. Nominal Size of 10% X

Test s 1 2 5 10 20
OOS-F 0.2 0.2850 0.3255 0.3625 0.3886 0.4306
00S-t 0.2 0.1622 0.1760 0.2167 0.2665 0.3649
OOS-F 1 0.2772 0.3217 0.3716 0.4001 0.4457
00S-t 1 0.1973 0.2478 0.3531 0.4581 0.6255
OOS-F 2 0.2682 0.3063 0.3390 0.3600 0.3982
00S-t 2 0.2167 0.2674 0.3878 0.5230 0.6991
OOS-F 50 0.1739 0.1591 0.1118 0.0639 0.0293
00s-t 50 0.2429 0.3064 0.4399 0.5883 0.7648

Notes: Each element of Panels A, B and C is the local power of either the OOS-t or (modified) OOS-F test for a giveoperfitiuati
choice of sample split, number of excess parameters in the unrestricted mgdahé the nominal size of the test. For a description of
how the results were generated see section 4 of the text. Recall that under the local alternative, the limiting diatebutiopisotal.
Hence the local power results do not necessarily reflect power of the test under an environment that is different fri@gni that in
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Table 8
Local Power of the (modified) OOS-F and OOS-t statistics: Rolling Scheme

A. Nominal Size of 1% X

Test b1 1 2 5 10 20
OOS-F 0.2 0.1249 0.1566 0.2009 0.2345 0.2626
00S-t 0.2 0.0222 0.0277 0.0414 0.0584 0.0776
OOS-F 1 0.1012 0.1294 0.1534 0.1740 0.1795
00s-t 1 0.0288 0.0356 0.0702 0.1277 0.2365
OO0S-F 2 0.0985 0.1059 0.1048 0.0950 0.0697
00s-t 2 0.0325 0.0495 0.0884 0.1578 0.2690
OO0S-F 50 0.0001 0.0000 0.0000 0.0000 0.0000
00s-t 50 0.0162 0.0171 0.0216 0.0280 0.0459
B. Nominal Size of 5% X

Test b1 1 2 5 10 20
OOS-F 0.2 0.2165 0.2565 0.2941 0.3182 0.3573
00s-t 0.2 0.0886 0.1010 0.1226 0.1549 0.2298
OOS-F 1 0.1862 0.2183 0.2434 0.2504 0.2575
00S-t 1 0.1011 0.1407 0.2095 0.2992 0.4622
OOS-F 2 0.1706 0.1808 0.1627 0.1464 0.1072
00S-t 2 0.1191 0.1574 0.2252 0.3301 0.4843
OO0S-F 50 0.0004 0.0000 0.0000 0.0000 0.0000
00s-t 50 0.0664 0.0765 0.0925 0.1140 0.1501
C. Nominal Size of 10% K

Test b1 1 2 5 10 20
OOS-F 0.2 0.2795 0.3160 0.3509 0.3720 0.4115
00S-t 0.2 0.1557 0.1763 0.2077 0.2580 0.3549
OOS-F 1 0.2428 0.2722 0.2941 0.2982 0.3035
00s-t 1 0.1806 0.2351 0.3250 0.4258 0.5941
OOS-F 2 0.2134 0.2209 0.2002 0.1784 0.1350
00s-t 2 0.1959 0.2438 0.3358 0.4445 0.6154
OO0S-F 50 0.0009 0.0000 0.0000 0.0000 0.0000
00S-t 50 0.1277 0.1442 0.1630 0.1936 0.2534

Notes: Each element of Panels A, B and C is the local power of either the OOS-t or (modified) OOS-F test for a giverpeafwati
choice of sample split, number of excess parameters in the unrestricted mgdehék the nominal size of the test. For a description of
how the results were generated see section 4 of the text. Recall that under the local alternative, the limiting diatebutiopisotal.
Hence the local power results do not necessarily reflect power of the test under an environment that is different fri@gni}hat in
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Table 9
Local Power of the (modified) OOS-F and OOS-t statistics: Fixed Scheme

A. Nominal Size of 1% X

Test b1 1 2 5 10 20
OOS-F 0.2 0.1428 0.1846 0.2313 0.2563 0.2710
00S-t 0.2 0.0237 0.0226 0.0328 0.0505 0.0716
OOS-F 1 0.1392 0.1822 0.2101 0.2045 0.1918
00s-t 1 0.0291 0.0364 0.0632 0.0979 0.1627
OOS-F 2 0.1418 0.1625 0.1492 0.1231 0.0952
00s-t 2 0.0287 0.0437 0.0569 0.0855 0.1471
OO0S-F 50 0.0808 0.0461 0.0093 0.0031 0.0000
00s-t 50 0.0299 0.0250 0.0208 0.0197 0.0205
B. Nominal Size of 5% X

Test b1 1 2 5 10 20
OOS-F 0.2 0.2492 0.2935 0.3209 0.3343 0.3624
OO0S-t 0.2 0.0843 0.0926 0.1171 0.1491 0.2115
OOS-F 1 0.2475 0.2800 0.2816 0.2717 0.2597
00S-t 1 0.1067 0.1253 0.1767 0.2396 0.3468
OOS-F 2 0.2399 0.2431 0.2111 0.1784 0.1473
OO0S-t 2 0.1045 0.1223 0.1701 0.2274 0.3347
OOS-F 50 0.1067 0.0681 0.0244 0.0099 0.0013
00s-t 50 0.0866 0.0756 0.0704 0.0742 0.0790
C. Nominal Size of 10% K

Test b1 1 2 5 10 20
OOS-F 0.2 0.3204 0.3507 0.3704 0.3846 0.4160
00S-t 0.2 0.1489 0.1608 0.2015 0.2469 0.3367
OOS-F 1 0.3149 0.3336 0.3233 0.3137 0.3055
OO0S-t 1 0.1784 0.2110 0.2728 0.3514 0.4718
OOS-F 2 0.2939 0.2881 0.2504 0.2163 0.1833
00S-t 2 0.1711 0.2073 0.2639 0.3390 0.4651
OOS-F 50 0.1344 0.0926 0.0409 0.0184 0.0035
00s-t 50 0.1379 0.1305 0.1292 0.1352 0.1450

Notes: Each element of Panels A, B and C is the local power of either the OOS-t or (modified) OOS-F test for a giveoperftiuati
choice of sample split, number of excess parameters in the unrestricted mgdehék the nominal size of the test. For a description of
how the results were generated see section 4 of the text. Recall that under the local alternative, the limiting diatebutiopisotal.
Hence the local power results do not necessarily reflect power of the test under an environment that is different fri@gni}hat in
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Density Plotsfor OOS-F: Recursive
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